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Abstract

In this thesis, we study electron transport through molecular junctions with both weak
and strong electronic-vibrational coupling, utilizing the Born-Markov master equation,
and the semi-classical theory of electronic friction to describe a low-frequency vibra-
tional mode.

Using the Holstein model, which comprises a junction of one electronic level coupled
to a harmonic vibrational mode, we determine in which parameter regimes the semi-
classical method is applicable. We find that the semi-classical approach is accurate
if the natural frequency of the vibrational mode is smaller than the coupling of the
junction to the electrodes, and also if they are on the same order of magnitude, given
that the electronic-vibrational coupling is small. We also find that the semi-classical
method is usually less computationally expensive in these regimes, rendering this the
optimal domain for its application.

Using the semi-classical method, we investigate the so-called one-level two-mode
model, an extension of the Holstein model that adds a second high-frequency vibrational
mode. The high-frequency vibration is treated quantum-mechanically alongside the
electronic dynamics. For strong electronic-vibrational coupling of the high-frequency
mode, we find that adding the second vibration exerts a strongly stabilizing effect on
the low-frequency mode. This stabilization works because the electronic-vibrational
coupling of the high-frequency mode is much greater than that of the low-frequency
mode, which leads to a very uneven distribution of the energy dissipated in the junction,
strongly favoring the excitation of the high-frequency mode. With increasing voltage,
the stabilization becomes periodically weaker and stronger as new channels of electron
transport through the junction become accessible, giving rise to negative differential
excitation of the low-frequency mode. If the electronic-vibrational coupling of the high-
frequency mode is weak, we find that the additional high-frequency method can either
exert a stabilizing or destabilizing effect on the low-frequency vibration depending on
its coupling. The observed stabilization is much weaker than in the strong-coupling
regime, and only relevant in a small voltage range.
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Units, symbols and acronyms

The following table lists the units, physical and mathematical symbols, and acronyms

that are used in this thesis.

Symbol and definition ‘ Explanation

Units

eV Electron volt, unit of energy.

S Second, unit of time.

A Ampere, unit of electric current.

K Kelvin, unit of thermodynamic temperature.

Physical constants

h = 4.135667696 - 1019 €V -
h=4-=6.582119569-107'0eV - s

e=1.602176634-10"" A -s
kg = 8.617333262-107°eV/K

Planck constant.
Reduced Planck constant.
Electron charge.
Boltzmann constant.

Mathematical constants

= /1
7 = 3.141592653...
e =2.718281828...

Imaginary unit.
Pi.
Euler’s number.

Mathematical symbols

tr{A}

trS/B{A}

[A,B] = AB — BA
{A,B} = AB + BA
®

dij 0(x)

x*

AT
Re{z}, Im{z}
pv. [

Trace of an operator A.

Partial trace of A over the nanosystem or the bath.
Commutator of two operators, A and B.
Anticommutator of two operators, A and B.

Tensor product, also called Kronecker direct product.
Kronecker delta, Dirac d-function.

Complex conjugate of x.

Hermitian conjugate of an operator A.

Real and imaginary part of a complex number .
Cauchy principal value integral.

Acronyms

BMME Born-Markov master equation.
HEOM Hierarchical equations of motion.
NEGF Non-equilibrium Green’s function.
RLM Resonant level model.

1L2M model One-level two-mode model.
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Chapter 1

Introduction

“I think there is a world market for about five computers.”—This famous phrase is often
attributed to former CEO of IBM, Thomas J. Watson [1} [2]. Although there have long
been severe doubts about this attribution [3], and the quote may never have been pro-
nounced in this way, it nevertheless conveys an important message: In the early days
of the development of electronic calculation machines, today we call them computers,
no one could have foreseen the enormous achievements that would be accomplished
in just a few decades. Machines that once filled entire halls now fit comfortably in a
pocket and, at the same time, have become orders of magnitude more powerful and
energy efficient. Much of this development is due to the decades-long miniaturization
of electronic components, most notably transistors, which is often expressed in the
famous Moore’s law, forecasting a doubling of the number of transistors in integrated
circuits about every two years [4, 5|. But it was clear from the beginning that this
miniaturization has natural limits, which have slowed the advancement of microproces-
sors in recent years. The transistors and conductors in state-of-the-art microprocessors
are now only a few atoms wide. With the size of the conductors approaching the de
Broglie wavelength of the electrons, the limits of classical physics have been reached;
further miniaturization would inevitably require incorporating quantum effects [6].

For the leap into the quantum domain, von Hippel proposed the development of so-
called molecular electronics as early as 1956 7], and after Aviram and Ratner described
a molecular rectifier circuit in their well-known 1974 paper [8], molecular electronics
became a thriving field of research in physics and chemistry. The basic principle is
to construct atomic or molecular structures whose intrinsic electromechanical proper-
ties mimic the functioning of classical components, such as diodes and transistors, by
exploiting quantum effects such as interference and quantization.

Aviram and Ratner initially proposed a rectifier circuit based on an organic molecule
that resembles the p-n junction of a solid-state diode, which was indeed realized exper-
imentally in the late 1990s |9, |10]. In the meantime, several novel methods |11] were
developed to manipulate single molecules and atoms, such as the scanning tunneling
microscope [12], the atomic force microscope, and the mechanically controlled break
junction technique, which was utilized for the realization of Aviram’s and Ratner’s
rectifier. These allowed the experimental realization of single-molecule junctions [13,
14] and atomic chain junctions [15-17] for the first time. In the early 2000s, a variety
of phenomena for such single-molecule junctions were theoretically described and ex-
perimentally observed, including conductance switching [18, |19, negative differential
resistance [20], and the aforementioned rectification [9, |10, 21|, which could be used



to mimic the operation of classical solid-state semiconductor components. In addition,
entirely new mechanisms have been identified, such as electron spin for use as memory
in spintronics [22], and several sensitive properties |23, 24], which could be exploited
for measurement devices. Despite these advancements, the practical application of
molecular electronic devices remains challenging. Effects such as electronic-vibrational
coupling and mechanical instability of the molecules make the prediction and realiza-
tion of entire circuits difficult.

In molecular junctions, an electric current can cause high excitation of nuclear vibra-
tions via electronic-vibrational coupling, thereby leading to an instability of the junc-
tion. Mechanisms underlying the high vibrational excitation include both Joule heating
[25] but also more intricate processes, such as the emergence of non-conservative forces
[26] and negative friction [27] acting on the vibrations. Understanding these mecha-
nisms is challenging because the theoretical description of charge transport through
a molecular junction represents a highly non-trivial non-equilibrium many-body prob-
lem. A crucial challenge is the coupling of the molecular structure to macroscopic
electrodes. A complete microscopic description of the whole system is thus no longer
possible since the electrodes have too many degrees of freedom.

In weakly correlated systems, where transport through the junction effectively in-
volves only a single charge carrier at a time, one can use scattering theory or alterna-
tively non-equilibrium Green’s functions (NEGFs) to describe the dynamics of the junc-
tion [28]. When electron-electron interactions become relevant, however, or additionally
strong electronic-vibrational coupling is considered, with substantial energy transfers
occurring between the charge carriers and the degrees of freedom inside the junction,
the use of other methods is required [29, 30]. For the treatment of such strongly corre-
lated transport problems with strong electronic-vibrational coupling, master equation
approaches are the method of choice. These use statistical quantum mechanics by
approximating the electrodes as heat baths and electron reservoirs, respectively, mak-
ing the molecular nanosystem an open quantum system [31]. Various master equation
approaches have been derived, including the approximate Born-Markov master equa-
tion (BMME) and the numerically exact hierarchical equations of motion (HEOM) [32,
33]. Such master equations are powerful tools as they allow the description of strongly
correlated transport problems with strong electronic-vibrational coupling, and can ac-
curately predict advanced effects such as damping through electron-hole pair creation.

Treating nanosystems that require a large vibrational basis with master equation
approaches is very expensive, though. This is, however, precisely what is required to
study vibrational instabilities. To circumvent this problem, semi-classical approaches
can be used in some cases. Vibrational modes in molecular nanosystems are typically
stretching and bending vibrations of single atoms, or pairs or groups of a few atoms.
The reduced mass of the vibrating system is, therefore, usually several orders of mag-
nitude large than the electron mass. This mass-scale separation often gives rise to
a time-scale separation between the slow vibrational dynamics and the fast electron
transport, which allows a semi-classical treatment of the slow vibrational degrees of
freedom. A variety of different semi-classical methods can be found in literature, includ-
ing Ehrenfest dynamics 34} 35|, surface hopping [36], and quantum-classical Liouville
equations [37]. In the following, we use the theory of electronic friction [30, 38-40].
Electronic friction is an advanced semi-classical approach because it takes into account
not only an adiabatic mean force induced by the electron transport on the vibrations,
but also two additional terms: a stochastic force and the eponymous electronic friction



force [39], which represent a first-order feedback of the vibrational dynamics to the
electron flow. The derivation of electronic friction uses a partial Wigner transform
with respect to the slow vibrational degrees of freedom applied to the reduced density
matrix of the nanosystem [30, 37, 39]. Together with the aforementioned time-scale
separation, an approximate classical Langevin equation follows for the dynamics of the
vibrational modes, including the mentioned adiabatic mean force, electronic friction,
and stochastic force. For the treatment of the remaining electronic degrees of freedom
and, if necessary, additional high-frequency vibrational modes, the master equation ap-
proaches mentioned above can be used. Due to the semi-classical description of the slow
vibrational modes, the dimensionality of the remaining quantum-mechanical degrees
of freedom is substantially reduced, allowing the consideration of multiple vibrational
modes.

In the following thesis, we will study vibrational instabilities in molecular junctions,
focusing on how they are enhanced or reduced by the interplay of multiple molecular vi-
brational modes. To this end, we will derive the Born-Markov master equation and the
corresponding semi-classical electronic friction for the molecular junction. While the
use of the Born-Markov master equation comes with the restriction to weak coupling
between the nanosystem and the electrodes, it does not otherwise impose any con-
straints on the coupling strengths within the nanosystem, and it is generally much less
expensive to solve than the hierarchical equations of motion for the same model. Using
the well-known Holstein model [41], which comprises a junction with one electronic
level and one vibrational mode, we will investigate how accurate the semi-classical ap-
proach is, and for which parameters of the junction it is beneficial to use. After this, we
will consider a novel system, a junction with one electronic level and two vibrational
modes [27], which we call the one-level two-mode model (1L2M model). We specif-
ically consider one high-frequency mode and one low-frequency mode. This requires
the employment of a new technique, combining the semi-classical treatment of the low-
frequency mode with a fully quantum description of the high-frequency mode alongside
the electronic dynamics. Our central goal is to examine the transport characteristics
of the one-level two-mode model and find out how the additional high-frequency mode
affects the vibrational stability of the junction compared to the Holstein model.

The thesis is organized as follows. In Chapter [2| we define our model of a molecular
junction and introduce all theoretical methods used. Specifically, we derive the Born-
Markov master equation for the model in Sec. and show a few purely quantum-
mechanical example calculations in Sec. In the following Sec. 2.4, we demonstrate
the detailed derivation of the electronic friction and the Langevin equation for the slow
vibrational degrees of freedom. In Chapter [3| we thoroughly investigate the Holstein
model both using the purely quantum Born-Markov master equation as well as the semi-
classical approach. Using this system, we illustrate our methodology and determine
in which cases the approximations made by the Born-Markov master equation and
the semi-classical electronic friction give physically meaningful results. Finally, in
Chapter , we apply our acquired knowledge to the one-level two-mode model (1L2M
model), with one low-frequency mode and one high-frequency mode. Throughout the
study, we treat the low-frequency mode semi-classically and compare how its stability
is affected by the interaction with the high-frequency mode compared to the Holstein
model. In conclusion, Chapter [5| summarizes the entire work and provides an outlook
for future research.






Chapter 2

Model and Methodology

In this chapter, we define our model of a molecular junction and outline all the theoret-
ical methods that will be used to calculate the transport characteristics and vibrational
dynamics of the junction. We begin in Sec. by defining our model. In Sec. [2.2]
we derive the Born-Markov master equation for it and discuss the validity of the un-
derlying Born-Markov approximation. Then, we look at two well-known examples of
a molecular junction in Sec. the resonant level model and the Anderson impurity
model. In Sec. 2.4] we present the derivation of the semi-classical electronic friction
approach within our Born-Markov master equation framework, and we outline how we
use the semi-classical method to calculate the transport characteristics of a molecular
junction.

2.1 Model

In this thesis, we study the flow of an electric current through a molecular junction
and its induced mechanical effects on the vibrational modes of the molecule. Fig.
shows a schematic representation of our model.

SN '
Hi, Hgp Hgp Hg
“— “—
Hs

Figure 2.1: Schematic illustration of a molecular junction. The illustration of the
caffeine molecule in the center is adapted from [42].

The center of our model is a molecule or a similar nanosystem, such as a chain
of atoms, represented by the system Hamiltonian Hs. The nanosystem comprises
molecular electronic orbitals, which we model as a series of electronic levels. When
electron spin is neglected, each electronic level is a two-state system, with the two



states occupied or charged and unoccupied or neutral, respectively. Mathematically,
we describe the electronic level by fermionic creation and annihilation operators, d' and
d, and the respective Fock basis states, charged |1) and neutral |0), with the following
properties,

d'|0) = 1), d[1) =0),

d'd|1) = |1), d'd |0) = 0. 1)

To incorporate electron spin, separate operators of the form d(TT) and df) are used

for the two spin orientations. We will discuss this in more detail later in Sec. [2.3.2
The degrees of freedom of the atomic nuclei and bonds are modeled in terms of their
eigenmodes of vibration. Mathematically, we describe them by bosonic creation and
annihilation operators, a' and a, and the respective Fock basis states, |n) for n € N,
with
atn) = VA 1ln+1), aln) = valn— 1),

1

dafn) =nln), n) = ——(a')"[0).

=:N \/m

For convenience, we may later also switch to the description using displacement and
momentum operators, T and p, given as

T = Qﬂzd(ati-a), ﬁ:i\/hrgw@T—a), (2.3)

where m and w are the reduced mass and natural frequency of the eigenmode. We do
not initially assume any particular form of the system Hamiltonian; any interactions
between the electronic and vibrational degrees of freedom are possible,

HS:f(dJ{?dla”waLala'”)’ (24)

(2.2)

To allow for the flow of an electric current through the nanosystem, it is coupled
to a left and a right electrode represented by the Hamiltonians Hy, and Hg. We model
the electrodes as reservoirs of non-interacting electronic levels described by fermionic
creation and annihilation operators, c,t and cy,

HL = Z&“kLCLLCkL, HR = Z&“kRCLRCkR, (25)
kL kR

and the corresponding Fock basis states, with properties similar to Eq. (2.1)),

Ch ooy Ot o) = ooy Ly o) Chge oo Tger o) = ooy Ok o)

.
CLKCkK|...,1kK,...> = |""]‘k'K7"'>’ CLKCkKl“WOkK?‘“) 0.

We abbreviate the electrode Hamiltonians as one single bath Hamiltonian Hpg,

HB = HL + HR = Z ZSkKCLKCkK. (26)
Ke{L,R} ki

The coupling, Hgsg, between the electrodes and the nanosystem is modeled as bi-
linear electron exchange terms,

Hss =Y > 3 (Vikgchodi + Viedicr, ) - (2.7)

i Ke{LR} ki



In practice, we will usually not indicate the coupling strengths, V; i,., but the electrode
coupling functions, Fg (w), defined as

K *
L5 (w) =21 > Vikge Vi 0 (Ere — ). (2.8)
kr

. . K .
In principle, I';}(w) may vary for different w, though from the end of Sec. , we
will always work in the wideband limit, where Fg (w) = Fg is independent of w. For
brevity, we group together all electrode terms that couple to the same nanosystem
operator ch~T . Here, we have to pay attention to the anticommutation of the fermionic

creation and annihilation operators,

Hsg=3 > <_‘/i,deiC]T€K + :de;[CkK)

i Ke{L,R} kx

=22 Cd7 Y Vil =220 Cd By, (2.9)

K kg

=B

=7

with ¢(=-1, (=1

From Eq. (2.7)), it is easy to see that Hgg has no diagonal elements in the combined
Fock basis. Together with Hg and Hg, we now have the total Hamiltonian of our
model,

H = Hs + Hp + Hgp. (2.10)

We assume the coupling between the electrodes and the nanosystem to be weak,
such that the state of the electrodes is essentially unaffected by the interaction with
the nanosystem. The electrodes can, therefore, be treated as heat baths and electron
reservoirs held at local equilibrium with their respective constant temperatures, 71, and
TR, and fixed chemical potentials, 1, and g, respectively. With the respective number
operators, Ng = > CLK Cky» the bath density operator, p%, is defined as a product of
Gibbs states,

e(HL—pLNL) /kp Ty, e(Hr—prNR)/kBTR

0
= ® , 2.11

PB trp {e(HL*MLNL)/kBTL} trp {@(HR*HRNR)/ICBTR} ( )
where kg is the Boltzmann constant. As both Hy /g and Ny g are diagonal in the Fock
basis defined above, the bath density operator is also diagonal in the Fock basis. By
varying the chemical potentials, an external voltage, ® = (u, — pur)/e, can be applied
to the model system to drive it out of equilibrium and excite a non-zero net electric
current. In the following, we always apply a symmetrical potential difference between
the electrodes, and we set the Fermi levels to zero, such that we always have
ed _ed

9 ) HR = 9 .

The sign of ® is chosen so that & > 0 naturally causes a flow of electrons from the
left to the right electrode. As usual in this field of physics, we define the direction of
current in the direction of electron flow. Hence, ® > 0 usually corresponds to a positive
electric current.

Now that we have defined our model, in the next section, we will derive a master
equation to describe its time evolution.

L, = (2.12)



2.2 Quantum theory: Born-Markov master equa-
tion

In this section, we derive a Born-Markov master equation (BMME) for the model
system defined in Sec. 2.1} The starting point for calculating the dynamics of our
model is the von Neumann equation [43],

00 =~ [H, (0] (213)

which connects the model’s current state, described by the density operator p(t), to its
time derivative. In our further considerations, we are only interested in the dynamics
of the nanosystem, which, from now on, we will refer to as the system. Our goal is,
therefore, to trace out the degrees of freedom of the electrodes and to find a closed
equation of motion for the reduced dynamics of the system, described by the reduced
density operator, ps(t) = trg{p(t)}, such that

2

jtps@) — trp {jtp@)} — —;trB [H, p(t)] < F(ps(t)) (2.14)

for some function f. This function is called the generator of the dynamical map that
maps ps(tg) — ps(t) for t > tg. However, finding such a generator and its associated
dynamical map is highly non-trivial. The definitional requirements for ps(t) are a
particular challenge. As for any density operator, we require its diagonal values in
any basis to satisfy (ps); > 0, and we assume normalization, trg{ps(t)} = 1. These
requirements for pg(t) put the additional constraints of complete positivity and trace
preservation on the sought dynamical map and its generator [31].

The theory of open quantum systems provides various options to find such a closed
equation of motion. In this work, we use the Born-Markov approximation to derive an
approximate Born-Markov master equation for our model.

2.2.1 Derivation

In the following, we derive a general Born-Markov master equation (BMME) for our
model, making no assumptions other than those from Sec. 2.1 We mainly follow the
derivation given on pp. 126-131 of [31]. Our starting point is the von Neumann equation
for the entire model, introduced in Eq. (2.13).

We start by transforming to the interaction picture, regarding Hgg as the pertur-
bation. In the interaction picture, the total model is described by a different density
operator, pi(t), given by [43]

pi(t) = ei(Hs-i-HB)t/ﬁp(t)e—i(Hs-i-HB)t/h'

For this density operator, the von Neumann equation takes the form

G(0) =~ [Hsna(0), (1), (2.15)

where the transformed coupling Hamiltonian is given by

Hep 1(t) = ¢S TN g = (s HHm)t /0,



We formally integrate Eq. (2.15)) to obtain

i) = () . [ [Hsnad), ()]

to
and insert the formal solution back into Eq. (2.15)),

ipl(w _ —; [ Ha (1), pu(to)] — ;2 / ar [HSBJ(t), [[—[SB,I(t’),pI(t/)”.

As mentioned in Sec. we assume that the coupling between the electrodes
and the nanosystem is weak, such that the interaction with the nanosystem does not
significantly influence the state of the electrodes. Therefore, the electrodes always
reside in their respective local equilibrium states, so no memory effects occur, and
no coherence is built up between the system and the electrodes. Mathematically, this
means that the state of the entire model factors at each time point as pi(t) ~ ps1(t)Qpp.
This approximation is called the Born approximation. Together with the fact that the
bath equilibrium state, defined in Eq. , is diagonal in the Fock basis, whereas
Hgp has no diagonal elements in the Fock basis, it follows that

trp | Hspi(t), pr()] = 0.

Thus, if we now form the partial trace over the bath to obtain the equation of motion
for the reduced density operator of the system, psy, the first term disappears,

Gt = 5t (0 =~ [ tra [Hona0). [Hsna(0), ()]
1 t to

== i dr trg [HSB,I(t)a [HSB,I@ = 7).t — T)]] '

where we have transformed to relative time, 7 = t — ¢/, in the bottom line. Next, we
insert the factorization for the density operator pi(t) = ps1(t) ® pf and the interaction
Hamiltonian from Eq. (2.9), that is,

Hgpg = Zgad?B? = HSB,I(t) = andf(t)Bf(t)

1,0 1,0

Here we omit the index [y for the operators df(¢) and BY(t) for brevity. This should
not lead to any confusion as the corresponding operators in the Schrodinger picture
are time-independent. With this separation, we can expand the nested commutators
and get

G =3 > ¢ [ e ¢ - st - )

— G (—7)dZ () ps(t — 7)dS (t — 7)
_G;?;U(T) ?<t_T)PSI(t—T)d"( )
)Ps

+ GO (—7)psa(t — 7)d7 (t — 7)dC (¢ )}
where we have introduced the bath correlation functions G2

17 7

G (7) == trg {py B (1) B (t — 1)} # f(2). (2.16)



Note that the bath correlation functions are independent of the time ¢, at which they are
evaluated, because the bath operators, BY(t), only contain the trivial time-dependence
from the interaction picture. Using the fact again that the bath density operator, p%,
is diagonal in the Fock basis, whereas B;(t) and B! (t) have no elements on the diagonal
in the Fock basis, we find ij"/ = G7 - 0g15. With (7¢7 = —1, this simplifies the above
equation to

d t—to dT ~
Gt =33 [ SH{er@aoae—nmie -

— G5 (—=7)d] (t)psa(t — T)d(t —7)
_ G%U(T)d‘j(t — T)ps1(t — 7)d (t)

+ G (—r)psat — T)dI(t — T)d;f@)}.

At this point, we perform the so-called Markovian approzimation. From the as-
sumption that the electrodes are always in their local equilibrium states, it naturally
follows that the bath correlation functions are non-zero only for very short times 7,
much smaller time scales than those on which the state of the system, pgy, changes.
Therefore, we can approximate psi(t — 7) = psi(t) under the integral. This implies
further that we can extend the upper integral bound to infinity, which simplifies later
calculations considerably,

d dr 5
—psit) = —= Z/ GUU )i ()d5 (t — 7)ps,(t)
ijo

dt
- G?ia(_ )dg(t)/)s,l(t)d?@ —7) (2.17)
= G (T)d](t = T)psa(t)d] (1)

+ G5 (=) ps.a(t)d (t — T)d?(t)}'

Taken together, these two approximations are often referred to as the Born-Markov
approzimation. However, the resulting master equation (2.17)) is generally not trace-
preserving or completely positive |31} 44]. To fix these problems, we make one further
approximation, the so-called secular approximation. For this, we first determine the
eigenvalues and eigenstates of the system Hamiltonian, Hg|E,) = E, |E,). Using
these, we split the creation and annihilation operators of the system, df, into their
various frequency components,

dj (W)= > |EuXEn|d] [En)Emnl, (2.18)

(n,m)
Epm—Ep=hw

= Al =) d](w)

We call them frequency projected operators, d7(w). These fulfill the following commu-
tation relations,

{Hs,df(w)] — _hwd(w), (2.19)
[HS, dy(w) [dj(w)ﬂ 0, (2.20)

[HS, {dj(w)rdi(w)} o, (2.21)

10



where we have used d?(—w) = [d?(w)]". With Eq. (2.19)), the time-dependent interac-
tion picture operators can be easily represented,

st/ qe (w)e st = 719t d7 (w), (2.22)
=" e Hst/hqg (w)e s = N eTtge (). (2.23)

Using this expansion in Eq. (2.17)), we get

G = =3 X e [T e Gy )i osatt)

ijo ww’
— GF7 (=7)d] (w)psa(t)d] («)
= G (7)d] (w)psa(t)df (w)
+ G (=)psa()d ()7 ()}

We now have a series of rapidly oscillating terms for w # —w’ next to a set of non-

oscillating terms for w = —w’. In the spirit of a rotating-wave approximation, we neglect

all the oscillating terms, keeping only the terms with w = —w’, thereby reducing the
equation of motion to a single sum over w,

jtpSI _ _fzz W{G”"( )d (w)dS (—w)ps,(t)

— G (1) (@)psa(t)d] ()
— G (1) (~w)psa (1) ()

+ G (~)psa()d (~w)df ()}

To write the above in a more compact form, we start by writing out the sum over
o using d? (—w) = [d¢(w)]", where we use the notation
< i > N
Gij(T) =Gl (1), Gij(T) = G'(7), (2.24)

)

and introduce the one-sided Fourier-transformed bath correlation functions,
~ dr —iwT
Giw) = [~ Fesine
~ dT —iwT
Gi(w) = /0 TG~y

We get
Sosatt) =~ L) 4] s (150) — diw)pss(0) (0] G5 )

ijw

— [d;(@)] ps (D)5 () + psa()[dy(w)] ' di(w) G (w)
+ [di@)] dy(@)osa(0)[C5 @)~ [d(w)] psa(t)d; () [ (w)]”
— dj(@)psa()[di ()] [G7 )]+ psat)ds(w) [di(w)] [éfj(w)}*}.
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In the next step, we exchange the indices ¢ and j of the last four terms and group
similar terms together,

d

psalt :—z{ @) [d;(@)] ps (G5 () + psa(t)di(w)[dy(w)]'[G5 )]

ijw

/N N
SIA
—
&
SN—

Note that the first two lines each have the structure ABz+B.Ay, where A € {d; d;, djd 1
B = ps(t), and x,y are the transformed correlation functions. This structure can be
reshaped to the sum of an anticommutator and a commutator, namely, %{A, B} (x +

y) + 3 [A, B] (x — y). Applying this procedure to the above, we get

& i) =S Ha 0] ) (G569 + 5]
#slte)] poat) (G5 - (G500 )
4 [G@)] dw), a0} (G ) + [EG@)])
_ ;de(w)rd'(@ PS,I(t)} (éZ(W) - {éﬁ(w)} )
. [d< )| psa(0ds() (G5) + [G5)])

&

@psa()[ds ()] (G5 ) + [G5@)] )}

At this point, we are left with six terms, each containing a sum of two one-sided
Fourier-transformed correlation functions. We define these sums as new quantities,

S5 (w) = <G<( ) — [éﬁ.(w)r) 21/ th (G<( )e —W—ij(—T)eiw), (2.25)
536 = 5 ([Ga)] = G5) = 5 [~ T (G - Gi=me™). 220)
V55 (W) = éfj(w) + [éﬁ(w)}* = /_OO (ZGK( Ye T, (2.27)

7 (w) = G5 w) + [G5w)] = /_ O;TGD( T)e T, (2.28)

This allows us to write the equation of motion in a more compact form,

sl = h[Z (55 @) [ )]' + 55 @) [()] 'd)). psa0)]
T Z {<[ @) ps1(00ds) - i{diw ;)] pS,I(t)}) 755 (W)

+(a@rsi[6@)] - @] b)) 5}

12



Note that the commutator term in the above equation provides a Hamiltonian contri-
bution to the dynamics. This term effectively renormalizes the system’s energy levels
and corresponds to the Lamb shift. Thus, we define the Lamb shift Hamiltonian as

His = Y (S5 @)di(w) [d; ()] + 7 (@) [d;(@)] di(w)). (2.29)

jw

From [G5(7)]" = G5;(—7), it follows that [S55(w)]* = S5 (w), and analogously for
S;;. From this, it is easy to see that the Lamb shift Hamﬂtonian defined above is
Hermitian, H}:S = Hyg. Furthermore, by virtue of Egs. ) and . it follows
that [HS>HLS] = 0.

At this point, we translate the equation of motion back into the Schrodinger picture,
remembering that [Hg, Hg] = [Hs, Hys] = 0. Further, we need Eq 1-) and the fact
that e 1st/hd;(w) = e“d;(w)e st/ which results from Eq. ltogether we
arrive at the following master equation,

d

4oty = — h{H + His, ps(t)]

3 3 ([ msdw) - J{d)[G@)]  as0]}) 5 (@30

+ (dw)ps(0)]ds)] - 2[4 @) 0s0)}) 25}

Eq. is our final form of the Born-Markov master equation (BMME). It has the
standard form, called the Lindblad form, defined in Eq. (3.66) in [31]. As outlined in
[31], this form guarantees the trace preservation and complete positivity of the master
equation. Since we have derived the above Eq. using three approximations, its
validity is limited. We will discuss this limitation in Sec. [2.2.4]

Before we can use Eq. in practice, we must also determine the Fourier-
transformed correlation functions defined in Eqgs. (2.25) to (2.28)). As mentioned in
Sec. we always work in the wideband limit in the following, that is, we assume the
electrode coupling functions, ng (w), defined in Eq. , to equal a constant value,

P TR (W) = 2 3 Vi Vi ey — i), (2.31)

kk
though they may change for different electronic levels, 7 and j, and for the different
electrodes, K € {L,R}. In the wideband limit, the Fourier-transformed correlation
functions can be calculated analytically. The detailed procedure can be found in Ap-
pendix [A] We find
¥s5 (w ZF (2.32)
Vi (w Zr( m» (2.33)

%mzﬁw:;%”%@ (2.34)

where f¥ is the Fermi function given in Eq. (A.2)), and ¥¥ is defined in Eq. (A.4).
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2.2.2 Calculation of steady state

In the following work, the transient dynamics of the molecular junction are not studied,
which means that only the unique steady state, p&, is of interest. The steady state of
a linear differential equation is easily obtained if the differential equation is in the form

d
alm—Llp%

where the unknowns are written as a vector, |p), and the matrix L represents the action
of the differential equation on this vector. To put the BMME defined in Eq.
into this form, a transition to the vector space of the linear operators, which act in
the Hilbert space of the nanosystem, is required. This space of linear operators is
also called the Liouwville space. In this space, the usual n X n matrix representation
of the system density operator, ps, is flattened into an n? vector, |ps). We do this
flattening by ordering the columns of pg one below the other. In the Liouville space,
left-hand and right-hand matrix multiplication with pg turn into left-hand matrix-
vector multiplication with |ps) as follows [45],

Aps  — (1®A)|ps), psA = (AT®1)|ps),

where 1 denotes the n X n unit matrix and ® denotes the Kronecker direct product.
With this, the BMME from Eq. (2.30)) takes the desired form

d
=7 2.

where the matrix L, usually called the Liouvillian matriz, is given by

R Hs+ H Hs+ Hig)
——h(ﬂ®( s+ LS)_( s+ LS) ®1>
1 T 1
3 Y {056 [dw)]” @ [d)
Jjw

1 f BT 2.36

- 55 (18 (@@ [4@)]) + (@@ gw]) 1) 23
iT

+75 @) - [d(w)] ® diw)

1 1 T T
— 575@)) : (IL ® ({dj(w)} di(w)) + ([dj(w)} di(w)) ® ]l)}
The steady-state vector, |p¥), can now be found by solving L |p¥) = 0, and then be
transformed back into the steady-state density matrix, p&.

In practice, however, directly solving the equation L [pF) = 0 is often undesirable
because many powerful linear equation solvers work by inverting the matrix L to find
the solution. This is impossible here since we assume L to be singular. A common
way around this is to define an auxiliary operator, Trg, which essentially acts like the
trace, trg, on pg, but projects the resulting scalar value onto one of the basis vectors
of the Liouvillian space, |u). We can now find the steady state by solving

(L + Trs) [p%) = [u), (2.37)

where we exploited the fact that trs{ps} = 1. This brings the additional effect that
the resulting solution [pg’) is, by design, correctly normalized. In the following, we use
the routines scipy.linalg.solve [46] and scipy.linalg.1lstsq [47] from the Python

library SciPy to solve Eq. (2.37) for the steady state, |pg).
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2.2.3 Observables of interest

As aforementioned, we study the flow of an electric current through a molecular junc-
tion and its induced effects on the vibrational modes of the molecule. Therefore, the
observables of interest include the steady-state electric current, on the one hand, and
various steady-state characteristics of the vibrational modes. The latter include the
average excitation, (N)* = (a'a)®, the mean values of displacement and momentum,
(2)*s and (p)*, and the mean values of their squares, (%)% and (p?)*. Since N, Z, and
p are operators acting solely on the system Hilbert space, we can find their steady-state
expectation values directly from pg,

(A)* = trs{pgA}.

The procedure is not as straightforward for the electric current because there is no
inherent operator associated with it. In the following, we use the continuity relation of
charge to derive a system-internal representation of the average electric current.

Electric charge is a conserved quantity, and despite the approximations included in
the BMME, it indeed conserves charge. Therefore, the total charge of our model, given
by the sum of the number operators, Ny, + Ns + Ng, times the elementary charge, is
constant,

d d d d
=e—(NL 4+ Ng+ Nr); = N, — — (Vi
0= ed<L+ s+ Ngr)¢ = ed<L> Sy edt<R>t7
where Ng = >,n; = >, dj d; is the fermionic number operator of the system. This
is the continuity relation of charge for our model. The current flowing from the left
electrode into the system, which we denote by (I1);, is given by

(I} = —e (N

and vice versa for the current flowing from the right electrode into the system, (Ig);.
With this, the continuity relation turns into

(Ng): +

e NS = (T + (T (2.38)

The left-hand side of the above contains only operators acting in the system Hilbert
space. Thus, it can be directly calculated from pg(t) or p&. The right-hand side follows
accordingly, but to find the separate currents, (I1.); and (Ig);, we need to split & (Ns),

in its respective contributions from the left and right electrodes. For this, we evaluate
4 (Ng)¢ using the BMME. The detailed evaluation is shown in Appendix . We find

d
SV = 7 3 trs{ ) )] ()75 )
i (2.39)
T
- [@)] @@ 075 @)}
According to Egs. (2.32) and ([2.33)), we can split the Fourier-transformed correlation
functions ~;; and v;; into parts corresponding to the different electrodes,

iy H (W) =T5 ¥ (hw) = 75w Z’y (w),

2.40
K@) =T (1= S w) = 7w 27 w. &40
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Using this in Eq. (2.39) and comparing it with the continuity relation, Eq. (2.38)), we
find the current from the different electrodes,

Ztrs{ W) [45(@)] ps(05" ()
— [ai)] diwlps(erz ) |
= 2> trs{ diw) [d; ()] ps(0)75 " )

— [a5)] diw)ps(e17 )}

(2.41)

In the steady state, when all expectation values of the system are constant in time,
(IL)* = —(Ig)* follows immediately from the continuity relation, Eq. (2.38). Since we
are only interested in the steady state in this work, only the steady-state current from
the left electrode will be indicated in the following. We will refer to it for short as the

Ss

steady-state current, (I)%,

(17 = ()™ = 2 S trs{ di(w) [d )] P75 ()
ije (2.42)

- [d(@)] a0 |
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2.2.4 Validity of the Born-Markov approximation

In the derivation of the BMME in Sec. 2.2.1] we have used three approximations.
Therefore, the validity of the master equation is limited to fulfilling these approxima-
tions. As mentioned several times, the fundamental assumption of the Born-Markov
approximation is weak coupling between the nanosystem and the electrodes.

In performing the Born approximation, we specifically assume that the interaction
between the nanosystem and the electrodes does not significantly influence the state
of the electrodes. This is fulfilled in parts already by the design of the junction model.
Since the nanosystem in the center of the junction is orders of magnitude smaller than
the macroscopic electrodes and has correspondingly fewer degrees of freedom, it is nat-
urally clear that the influence of the nanosystem on the electrodes can be very small at
most. The weak-coupling assumption promotes this further. In addition, we neglected
higher-order interaction terms with the electrodes by applying the Born approxima-
tion. These include, for example, cotunneling events of two electrons simultaneously.
The contribution of these higher-order terms scales with (I'f;)">'. Hence, they are
negligible under the above weak-coupling assumption.

In the Markovian approximation, we assume that after an interaction with the
system, the electrodes always return to their local equilibrium state before interacting
with the system again. The time scale of relaxation of electrode K is given by its
thermal energy, as we show in Appendix [D]

h
W]CBTK )

Trelax, K =

The time scale of interactions between the system and the electrodes is given by their
coupling, defined in Eq. (2.3I). Since each electronic level of the nanosystem inter-
acts independently with the electrodes, the respective total coupling to either of the
electrodes determines the interaction time scale,

_h
i Tl

Tint, K ™~

For the Markovian assumption to be satisfied, we require

Trelax, K < Tint, K = Z Fg < kBTK7
ij

for each electrode.

Furthermore, we neglected rapidly oscillating terms in the master equation by ap-
plying the additional secular approximation. While this approximation is, in a sense,
required to obtain trace preservation and complete positivity, it is still an approxima-
tion. For it to be justified, the inverse frequency difference between any two distinct
frequencies of the nanosystem, |w —w’|~!, must be much smaller than the frequency of
interactions with the electrodes, Tint i, [31]

1
— <7 = s « e EE—— Y !
w—w] & Z 9w — | w#w
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2.3 Examples

2.3.1 Resonant level model

So far, our derivations have been fairly general. In this section, we consider a first
example of a molecular junction to demonstrate the BMME approach and the features
of the resulting current-voltage characteristics. The simplest example system is the
well-known resonant level model (RLM), also called the resonant tunneling model [48],
which comprises just one electronic level. We do not take any spin-related effects into
account, such that

Hs = ed'd,
and the corresponding interaction Hamiltonian is

Hyp=—d- > Y Ve +d- Y S Vi,. (2.43)

Ke{L,R} ki Ke{L,R} kx

Bf B

Starting from the general BMME in Eq. (2.30]), we derive the equation of motion for
this system. The sum over ¢ and j disappears because we have only one creation and
annihilation operator. We have, in principle, two possible frequencies in the system:
w = £e/h. But a short calculation shows that d(—e/h) = 0; thus, only the positive
one contributes. The resulting equation of motion is

d i
aps(t) = [Hs + Hys, ps(t)]
1

1 1
+ h{dTPs(t)d - §ddTPS(t) - Ps(t)ddT} S

2
+ {dps(t)d — 5d'dps(t) — 5 ps(t)d d} 7,
h 2 2
where we used d(¢/h) = d, and we defined v := 7>(¢/h). This matrix equation
evaluates to the following differential equations for the elements p;; = (i|ps(t)|j) of
ps(t), where |0) and |1) are the Fock basis states defined by Eq. (2.1)),
d d
QP = —%Poo + % (1 = poo) = BT
d ie 7+ 72 d

&Pm = E,O(n - TPOI = aplo-

From these differential equations, we can directly see that the populations are uncou-
pled from the coherences. To solve the above equations, we first look at the transformed
correlation functions, which we find from Eqgs. (2.32)) and (2.33)) to be

. (fL(g) + fR(e)) ,
N> = /R . (2 — fL(g) - fR(ﬁ)) )

where we assumed I' = I'!. Using the above, we find a simple expression for the
steady state of pg,

g =15 (10 + /&) =1~ /iy
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Finally, we calculate the electric current through the system using Eq. (2.41)),

el L/R
() = — (fL(ﬁ) + poo — 1) ,
eFL/R

h

(Ir) =

() + poo — 1),
and we insert the steady-state solution for pyy to get the steady-state currents,

el'L/R
2h

(1) = ()" = (fH(e) = £(e)) = —(In)™.

As the maximum difference between the two Fermi functions is 1, the maximum possible
current is eI/ /2h.

Figure 2.2: Current-voltage characteristics of a resonant level model with ¢ = 100 meV,
' =T% = 10 meV.

Fig. depicts the steady-state current for an example set of parameters: ¢ =
100 meV, I'R = 10meV. It can be seen that the current initially vanishes at ® = 0,
as it should be. For ® > 0, it increases in a step-like shape; the center of the step lies
at ® = 0.2V. For large bias voltage & > 0.4V, the current approaches its maximum
value of eI'™/® /2R, which evaluates to 1.217 pA for the parameters chosen.

To understand the behavior of the current, we examine the energy level diagram
depicted in Fig. . In Fig. (a), we can see that at zero bias voltage, the chemical
potentials of the electrodes are well below the energy level € of the nanosystem. Thus,
even with the broadening of the Fermi functions due to finite temperature taken into
account, there is no charge transport between the electrodes and the nanosystem, and
the current is zero. When the bias voltage is increased, electron transport becomes
possible as the chemical potential, uy,, surpasses the energy level € of the nanosystem,
as depicted in Fig. (b) This is because energy levels > ¢ become occupied in the
left lead. Due to the finite temperatures considered here, the Fermi functions of the
electrodes are broadened, and the current increases gradually as the region where the
Fermi function of the left electrode changes from 0 to 1 surpasses the energy . In
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Fig. (c), we see the situation for much higher bias voltage. The chemical potential
of the left electrode and the associated step in the Fermi function are now well above
g, such that electron transport is now possible from an extensive range of initial energy
levels in the left electrode. The current, however, saturates to a finite value because of
the finite coupling I'/®.

Note that for T = 100K, we have kg7 ~ 8meV < T'™R. Hence, the validity
of the curve for 100 K is questionable according to our discussion in Sec. It is
shown here for illustrative purposes only. In the following, we will usually consider
ksT = 26meV, corresponding to 7 ~ 300K, and I'® < 10meV to ensure that the
Born-Markov approximation is satisfied.

S R L S R L S R

(a) ®=0. (b) © = 2¢/e. (c) @ > 2¢/e.

Figure 2.3: Energy level scheme for the resonant level model. At zero bias voltage,
depicted in (a), the chemical potentials of the electrodes are well below the energy
level € of the system; therefore, no charge transport is possible. When the bias voltage
is increased, electron transport becomes possible as the chemical potential of the left
electrode surpasses the energy level of the system, that is uy, = € corresponding to
® = 2¢/e, depicted in (b). For higher bias voltage, electron transport can occur from
an extensive range of initial energy levels in the left electrode, and the resulting current
saturates, depicted in (c).
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2.3.2 Anderson impurity model - How to incorporate electron
spin

In this section, we investigate the effect of including the electron spin. For this, we
consider the Anderson impurity model [48|, which comprises a nanosystem with one
electronic level that can be occupied by two electrons of different spin. To describe
this level, two separate sets of creation and annihilation operators, dg) and d(ﬂ, are
used. Additionally, we include an interaction energy U between the two electrons. The
system Hamiltonian Hyg is

Hs= Y edld, +Udidd]d,.
se{t}

We do not require e+ = €|, such that our following calculations also allow considering
a system that is spin-split, for example, due to an external magnetic field. We do not
incorporate spin flipping.

Like the nanosystem, we also have to treat the electrodes including spin. We assume
that no interactions exist between the different spin states in the electrodes. As a result,
we effectively have four different electrodes, one spin-1 and one spin-| on each of the
two sides,

Hg = Hy4+ Hy + Hey + Hry = Y. Y. ngK7SCIt:K,SCkK:S7
Ke{LR}sc{t} kx

where we set the chemical potentials and temperatures equal on each side,
prr = pry = pr,  Tkp =T, =T,  Ke{L R}

Interactions between the system and electrodes occur only between levels of the same
spin orientation, and we assume the coupling constants are for the two spin states.
Thus, the interaction Hamiltonian takes the form

Hgp = —dj - (ZZVCZKT) —dy- (Z VCZI@)
K k

K kg K
+ d; . <Z ZV*CkKT> + dI . (Z V*Ck:;(i)
K kg K kg
= —d;B] — d,B| + d|B; + d|B,.

We start from the BMME in Eq. to derive the specific master equation for
this system. First, we note that 75(@«1) =0= Si%(w) for i # j because there is no
coupling between the different spin orientations. Thus, the double sum over ¢ and j
reduces to a single sum. Furthermore, we find

15 w) =17 (W) = 7> (W),
F(w) = ST (w) =: S5(w),

because we set the chemical potentials, temperatures, and couplings equal for both
spin orientations. The system Hamiltonian Hg is already in diagonal form; hence, we
can easily read off the possible energy differences hw € {et,e,U +¢4,U + ¢, }. Using
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the Fock basis states, defined by

dL10) = 1), d0) = |1),
L) =), di |1 = 1) = — 1),

we find the following non-vanishing frequency-projected operators,

di(er) = [0 d(U + 1) = = [L)M
dy(e)) = [0X dy (U +e)) = [N,

and all others vanish. Note that other than in Eq. (2.18)), we use the energy difference
hw as the argument of the frequency projected operators here instead of the frequency
w, to avoid writing % everywhere. With these, we find the master equation to be

|0X11
|04

d
—pg(t
dtﬂs()

[Hs + His, ps(t)]

{(n (0l (0 0t = {10401 ps()}) 7= (e1)

K p50) 101 = 5 { 11K ()} ) 7 (o)

1 2s(0) L1 = {1 2s0)}) - v=(er + )

X 2s(0) 0 = 3 { (L ps()}) -2 (o1 + U)
Y

1K1 5(0) 03] — 5 { )01 ps(0)})

+

;H»—tb"\'—‘

_|_

_|_

+
7 N7 N7 N7 N N N N

_|_
+ (10X ps(t) 14) 0|—f{|¢><¢| ps()}) 77 (e))
1K 2s(0) 1 = {1111, 2s(0)}) <oy + )

1K1 ps(0) T = S { R s(0}) 97 ey + )

+

Since both the system Hamiltonian Hg and the Lamb shift Hpg are diagonal in the
Fock basis, we find no coupling between the diagonal and off-diagonal values of pg(t).

For the diagonal elements, p;; = (i|ps(t)|i), we get the following closed equations of
motion
B poo = = (Y1) +77(E1)) oo+ (en)or + 77 (21w,
heprr == (77 (er) + 77 (€L +U)) pry+ 7= (e1)poo + 77 (61 + U)oy, (2.44)
hepy == (7€) + 75+ U)) pu+ 7D po0 + 77 (e + U)pas, |
hepyn == (7 +U)+77 (e, + U)) pu + 7= + U)pry + 7= (e + U)prs,

which obey 4 T trs{ps( )} = 0 as expected. By requiring p;; = 0, we can solve for the
steady state, p&. The result is given in Eq. in Appendix

In the next step, we use Eq. to calculate the electric current through the
system. Here, the left and right currents are the sum of the respective spin-1 and
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spin-| currents,

=0 (755 () + <5 )

o (Y e+ U) =97 o)
+ o (K e+ U) = (o)

—pin (77 (e + V) + 97 ey + ) |,

(k) = k) + (Ixy) =

where the transformed correlation functions are given by

YK () = T8 (F51(2) + 174(e)) |
7K (e) =TK (2= fX(e) — f5(e))

following Eqs. (2.32)) and (2.33)), where we used I'T = I'&4 =: 'K,

2.5
2.0
E 1.5 1
< 1.0
—— T =100K
0.5 —— T =200K
—— T =300K
0'0 T T T T T T T
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Figure 2.4: Current-voltage characteristics of a spin-split Anderson impurity model
with 4 = 100meV, g = 200 meV, U = 500 meV, I'" = 't = 10meV.

Fig. depicts the steady-state current for a spin-split Anderson impurity model
with the following parameters: ¢4 = 100meV, ¢, = 200meV, U = 500 meV, /R —
10meV. As expected, the current initially vanishes at ® = 0. As the bias voltage is
increased, the current increases in a series of four distinct steps to the maximum value
of el'"/® /h = 2.434 1A, which is twice the current of the resonant level model with the
same coupling I'® discussed in the previous section. With higher temperatures, the
current steps are increasingly broadened, which makes the distinction more difficult;
hence, for illustrative purposes, we have again depicted also the case T" = 100K,
although kgT ~ 8meV < I'™/R there.

To understand the emergence of the four steps in the current, we consider the energy
level diagram shown in Fig. 2.5 In Fig. 2.5(a), we find that at zero bias voltage the
chemical potentials are well below the energy levels of the Anderson system; thus, no
charge transport occurs between the electrodes and the system. As the bias voltage
is increased, the chemical potential of the left electrode, u; = e®/2, increases and
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(a) @=0. (b) @ > 2¢ /Je. (c) ®=2(e;+U)/e.

Figure 2.5: Energy level scheme for the spin-split Anderson impurity model. At zero
bias voltage, depicted in (a), the chemical potentials of the electrodes are well below
the energy levels of the nanosystem; therefore, no charge transport is possible. When
the bias voltage is large enough that the chemical potential of the left electrode is above
the energy levels ¢4 and ¢, as depicted in (b), transport of spin-1 and spin-| electrons
through the junction is possible, though only if no electron with opposite spin resides
in the system. Only when the bias voltage is so large that the chemical potential of
the left electrode also surpasses pur, = e+ + U, as indicated in (c), transport of spin-1
electrons through the junction becomes possible even if a spin-| electron resides in the
system, leading to a further increase in the current.

surpasses the energies e+ and €, as indicated in Fig. (b) When this happens,
spin-T and spin-| electron transport from the left electrode via the system to the right
electrode becomes possible, leading to an increase in the current. As we consider a
spin-split system here, e+ # €|, this happens at two different bias voltages for spin-1
and spin-}, ® = 2e4/e = 0.2V and & = 2¢| /e = 0.4V, respectively, creating the first
two steps in the current. Due to the broadening of the Fermi functions of the electrodes,
the steps in the current become broadened as well for increased temperature, until they
eventually merge into one large step, as can be seen for 7' = 300K in Fig. [2.4] It is
worth noting that while the step corresponding to the lower energy level, e4 in this case,
has a magnitude of 1.217 nA, similar to the resonant level discussed in Sec. the
step corresponding to the higher level, €|, has much smaller magnitude. This is due to
the interaction energy U, which prevents simultaneous occupation of spin-1 and spin-|
at these bias voltages and thereby results in the transport of spin-1 and spin-| electrons
not occurring independently. This phenomenon is called the Coulomb blockade [48].

If the bias voltage is increased further, the chemical potential of the left electrode
surpasses ji, = £++U, as indicated in Fig. (c), which happens at ® = 2(ex+U)/e =
1.2V here. At this point, the additional transport of spin-1 electrons through the
junction while the spin-| level stays occupied throughout the process becomes possible,
leading to a further increase in the current. Eventually, at an even higher voltage, the
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chemical potential also surpasses jir, = €, +U, enabling the transport of spin-| electrons
through the junction while the spin-71 state remains occupied, causing another increase
in the current. After this point, the transport of spin-1 and spin-| electrons may occur
independently because the doubly-occupied state is no longer energetically forbidden.
Thus, the maximum current reached is exactly twice that of a resonant level model
with the same electrode coupling.

Fig. shows the electric currents for a spin-degenerate level with strong electron-
electron interaction: ey = ¢, = 100meV, U = 10eV, T* = I'® = 10meV. Here, the
current steps of the two singly-occupied states now coincide, and the large U shifts
the further current steps to a very high bias voltage of > 20V. For comparison, we
also include the current-voltage characteristics of a resonant level model (RLM) with
a larger electrode coupling, Fﬁﬁd = % . Fkﬁerson. It can be seen that the curves of
the Anderson model and resonant level are very similar. However, the current of the
Anderson model increases slightly faster, reaching, at ® = 0.2V, already more than
half of its value at ® = 0.5V. In contrast, the current of the resonant level is almost
symmetrical around ® = 0.2V, reaching exactly half its maximum value there. This is
because the Anderson junction has two channels for charge transport at the indicated
bias voltages, spin-1 and spin-|, while the resonant level has only one channel, which
is also why a higher electrode coupling is necessary for it to obtain the same current.
For our purposes, however, this difference is not relevant. Therefore, we neglect the
effect of electron spin in the following chapters for simplicity.

2.0
1.5 1
<
=]
s 1.0
=
0.5 1 —— Anderson impurity
—— Resonant level
0.0 . . . .
0.0 0.1 0.2 0.3 0.4 0.5
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Figure 2.6: Comparison of the current-voltage characteristics of a spin-degenerate An-
derson impurity and a resonant level model (RLM) with ey = ¢, = egry = 100 meV,

D son = 10meV, Tty = 4. TR kg T = 26 meV.

Anderson Anderson>

25



2.4 Semi-classical theory: electronic friction

In Sec. [2.1] we introduced our model of a molecular junction, consisting of a central
molecule or similar nanosystem coupled to a left and right electrode. In Sec. we
derived a Born-Markov master equation for the model, which allows us to determine
the quantum-mechanical time evolution of the nanosystem in closed form by statis-
tically accounting for the infinite degrees of freedom of the outer electrodes. What
remains complicated, however, are vibrational modes in the nanosystem itself. Since a
vibrational mode can be excited to an arbitrary degree, its Hilbert space is theoretically
infinite. In practice, of course, a finite number of basis states is sufficient, as we will see
in more detail in Sec. [3.2] Nevertheless, considering a correspondingly large number
of basis states is costly, especially when several vibrational modes are studied, since
the dimension of the system Hilbert space is given by the product of the dimensions
of the subspaces. To circumvent this problem, in this section, we will approximate our
fully quantum-mechanical description of the molecular junction with a semi-classical
description of its vibrational modes.

2.4.1 Mass- and time-scale separation

Vibrational modes in molecular nanosystems are typically stretching and bending vi-
brations of single atoms, or pairs or groups of a few atoms. The reduced mass of the
vibrating system is, therefore, in the range of a few Dalton. The mass of the electrons,
which represent the fermionic degrees of freedom of the nanosystem and electrodes, is
much smaller in comparison, m, &~ 5.5-107* Da [49]. We have, therefore, a mass-scale
separation between the heavy, vibrating atoms and the light electrons. This mass-scale
separation often leads to a time-scale separation of the slow vibrational dynamics from
the fast electron transport dynamics. We can take advantage of this time-scale sep-
aration by approximating the slow vibrational dynamics semi-classically and treating
only the fast dynamics of the electrons fully quantum-mechanically, thus avoiding the
problem of large vibrational Hilbert spaces.

To achieve this, the physical literature offers a variety of different methods, includ-
ing Ehrenfest dynamics 34} 35|, surface hopping [36], and quantum-classical Liouville
equations [37]. In the following, we use the theory of electronic friction [30, 38-40],
which is derived from a partial Wigner transform in the vibration degrees of freedom,
similar to quantum-classical Liouville equations.

2.4.2 Partial Wigner transform and Langevin equation

In this section, we derive a semi-classical description of our model by applying a partial
Wigner transform in the vibrational degrees of freedom and expanding up to zeroth
order in A. In doing so, we follow the derivations given in Sec. II of [37], Sec. II of
[30], and Appendix I.B of [39]. Our starting point for the derivation is the BMME in

Eq. (2.30), which we split as follows,

 pslt) = — [, ps(0)] + D(ps(1)), (2:45)

where the function D contains the Lamb shift contribution and the dissipative part of
the master equation. In the following, z, and p, denote the position and momentum
operators of low-frequency vibrational degrees of freedom, which we seek to describe
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semi-classically, and X = (21, ...,2n), P = (P1,...,Pn). The explicit notation [J for the
vibrational operators is used to distinguish them from the later classical coordinates.
With this notation, we divide the system Hamiltonian, Hg, into two parts,

A2

Hy = Hs(%) + 3 L2 (2.46)

Y
o 2mg

where the first part, the reduced system Hamiltonian H.g, contains all the electronic
operators as well as the vibrational coupling and potentials of the low-frequency modes.
The second part is the vibrational kinetic energies. Note that H,s may also entail
additional high-frequency vibrations whose dynamics take place on the order of the
electron transport, and as such, do not interfere with the time-scale separation to the
low-frequency vibrations.

Before we perform the partial Wigner transform, we rewrite Eq. in the x
representation, where x = (1, ...,zx). Using 1 = [ dx|x)(x|, we get

2 xlos(Dl’) = — / dx” (x| Hsfox") (x| ps (1) ') — (x| ps (1) ") (x| Hs ) )

+D((xlps(t)x)), (2.47)

where we have used (x|D(ps(t))|x’) = D({x|ps(t)|x")), which follows from the fact that
D does not contain any vibrational operators. Furthermore, we have
h?  0?

2my, (37383

(x| Hg|x') = (Hrs(x) -y )5(x _x), (2.48)
where we used (x|H,g(X)|x) = Hys(x) d(x — x').

At this point, we perform the partial Wigner transform with respect to the vibra-
tional coordinates. For a general operator A, the transform is defined as

AV (x,p) = /dz ePE/h (x — g|A\X + E) = /dz e e/ (x 4 E\A]X - E) .
2 2 2 2
Using Eq. (2.48)), we find the Wigner transform of the system Hamiltonian,
/R zZ zZ P2
HY (x,p) = /dz P (x — 2| Hlx + %) = His(x) + 3 L2 (2.49)

For the density matrix, the Wigner transform is analogous, but we have to add the
normalization factor 1/h%,

V4

W 1 ip-z Z
pS(x,p,t):hN/dzep /h(x—§\ps(t)\x+2>.

Note that (x,p) above are variables, not operators. To transform Eq. (2.47)), we also
need the partial Wigner transform of a product of operators [37],

(AB)Y(x,p) = A" (x, p)ehA/ziBW(x, p),

where the Poisson bracket operator A is defined as

A=V, -V, -V, ¥,
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where the direction of the arrow indicates the direction in which the derivative acts.
With this, we find the partial Wigner transform of Eq. (2.47)),

1
578 (6. 1) = = (HY (x, p)e"™/#p¥ (x, p. 1) — p¥ (x, p, 1) " HY (x, )
+D(p¢(x,p,1)).

Expanding the above exponentials, we obtain

ey — g iy L (% V-V, ¥ )
h h — n!
i OHY 0pd  OHY 0pd
— _HY W - S S S S

h sPs T 2 Za: ( Opa 0x4 0xq4 Opo
LSS ( PHY OPpy | OPHY 0fpy | OPHY O0°pY )
81 5 \OpaOps 0xa0xs  Oxa0xs Opadpg OpaO0xg 02,0pgs

+O(1),

and vice versa for HY and p§ exchanged. By virtue of Eq. -, We know that
2 yw 2
8i&giﬁ 8?0 Iép = 0 for a # . Furthermore, we find that 2 5 does not
contribute either, because it is just a scalar, and thus cancels with the Correspondlng
term that results from the other exponential. With this, for first and higher order in
O2HY 32pw
8:1:&625 apaai)g

= 0, and also

h, only terms proportional to

02HY . . .
o aig is a scalar as well; hence, these terms cancel with the corresponding terms

resulting from the other exponential, too; leaving only the terms up to zeroth order in

are left. In the case of harmonic potentials,

2w
h. But in the classical limit, the contribution of % is negligible even for anharmonic

potentials [37]. This justifies that we truncate the exponential expansion at zeroth order
in A,

OHg Opy  OHY 8p‘§>

HW hA/21 w ~ *H i
h Ps ¥ Z ( Opo 0xy  O0xy Opa

and analogously for H and pg exchanged. But note again that, for harmonic poten-
tials, this approximation is, in fact, exact. With this, we arrive at

0 i
;75 (%P 1) = {H5'(x,p), p5 (x, . 1)}, — 5 [H5(x, p), p3 (x, P, 1)] + D(p%(x,p,1))

= {HJ(x,p),p§(x, P, 1)}, + LYx) (¥ (x,p. 1)), (2.50)

where we introduced the shorthand notation £§(x) for the reduced BMME of the
Wigner-transformed Hamiltonian H§ for fixed vibrational coordinates x. By virtue of
Eq. , LY is independent of the momenta p because H§ only contributes in the
form of a commutator. In the spirit of [39], we call the above Eq. the quantum-
classical Born-Markov master equation. The classical part of the equation is given by
an anti-symmetrized Poisson bracket,

0A 0B 0B 0A 0A 0B 0B 0A
B =33 (ol + ).

Opa O B Opa 04 B 0% Opa
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In the next step, we derive the corresponding equation of motion for the classical
coordinates (x,p). We start by evaluating the Poisson bracket in the above Eq. (2.50)),

1 OHY 0ps  0pd OHY  OHE 0pf  Op§ OHY
Y Wy — - s 9Ps s OHg  OHg Opg  Opg Olg
R 2%(% Do | Opo 0T Opa Oz
L~ (OHS Opg  Op§ OHS\  — pa Op§
N Z ( 0xq OPa + Opo 0T zo; My O 0

0To Opa

Now, consider the vibrational coordinates to be fixed and, correspondingly, the mo-
menta to be zero, p = 0. In this case, the Poisson bracket will vanish, and the
differential equation left for the Wigner-transformed density matrix pg is an ordinary
BMME, though without the vibrational degrees of freedom,

a w W
5P8 (P = 0.1) = L(x) (0¥ (x.p = 0,1)).
yielding a local steady state, pg**(x), for which

LY(x)(py*(x)) = 0. (2.51)

If the vibrational motion is now taken into account, the transformed density matrix pg
will differ from the local steady state. We define

Alx,p,t) =t {p¥(x,p. 1)},
B(X, p, t) = pg(X, | oF t) - A(X’ | oF )pg bs(x)
= pY(x,p,t) = A(x,p, )p8"(x) + B(x,p, 1), with tr§ {B(x,p, 1)} =0.

The quantity A(x, p,t) is the phase space probability density of the vibrational degrees
of freedom, and B(x, p, t) is the difference between its momentary value and the phase
space probability density of the corresponding steady state, pg”*(x). Using Eq. ,
we can write the equations of motion for A and B,

B Pa 0A OHY e OHY OB
S A=-— - = 2.52
o § +§jtrs{ } +§ {%aapa}, (2.52)

Mg, 8xa =
0

ot

g5 = {H. B}, = py ™ ey {13, B),

(2.53)
+{HY, Aps™} = p&=u {HY, Apy™} + LY(B).

So far, we have only made the semi-classical approximation for the vibrational

dynamics. Now, we also consider the assumed time-scale separation to the much faster

electron dynamics. Therefore, p¥(x, p,t) will always be close to the local steady state,

ps 7 (x), and B is expected to be small. Hence, we approximate the equation of motion
for B to lowest order, that is, we keep only zero-order terms in B [36], resulting in

0= {HS , Apg SS} — pg T trd {HS ,Apg’ SS} + L (B).

By formally inverting £ (B) in the above, and inserting the solution for B into
Eq. (2.52)), we arrive at a closed Fokker-Planck equation for A,

0 Pa OA 0?A

aA = — Z —_— = — ZF Do Z’yaga < > ZDa/ga 8p5 (254)

~ My 0o %5
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where the mean force F},, the friction tensor 7,4, and the diffusion tensor D,z are given
as

OHY |, «
Fo = _trg{ axs ps’ }a (255)
LfoEy . (0p%
7045 = trS { agjs ( S) 1( 82/3 >}7 <256)
_ 1 W aHgV w)—1 aHgv W, SS w,ssaHgv W, SS
Dop = _§trs { Dz (£5) <8$5 ps’ +ps 05 +2ps" Fp | ¢ (2.57)

Eq. (2.54)) is a special type of Fokker-Planck equation, usually referred to as a Fokker-
Planck equation in phase space |50} 51|, as it contains both positions and momenta.
The Langevin equation that corresponds to the Fokker-Planck equation (2.54)) is

Maly = F, — Z’Yab’:tﬁ + na(t), (258)
B

where 7,(t) is a stochastic white-noise force, which obeys

(na(t)) =0,
(na(tns(t')) = 2Dapd(t — ).

The above quantities F,, 743, and D,z are the central quantities of this semi-classical
theory. The mean force, F,,, can be understood as a semi-classical adiabatic approxima-
tion of the force on the vibrational degrees of freedom. The stochastic force, specified
by the diffusion tensor D,g, and the electronic friction, 7,4, which also gave this theory
its name, are the first-order correction to the adiabatic approximation. In this sense,
the theory of electronic friction is the first-order correction to the adiabatic Born-
Oppenheimer approximation. As F,,, 7.3, and D,z contain various derivatives of Hg
and pg"™ with respect to the vibrational positions x,, they are themselves position-
dependent. The mean force, friction, and diffusion are the means of influence of the
electrons on the vibrational modes in this semi-classical picture. Therefore, they are
called the current-induced forces.

2.4.3 Inverting the master equation

The expressions for the friction tensor, 7,4, and the diffusion tensor, D,g, given in
Eqgs. and raise a question concerning their practical evaluation, as they
rely on the existence of an inverse of the BMME, (£¥)~!. To find this inverse, we make
use of our results from Sec. [2.2.2] where we considered the BMME in the Liouville
space, leading to the form

d
- — I
dtlps> ps) »

with L given by Eq. . Given that all the systems we consider have a unique
steady state, |p&), with L |p¥) = 0, there exists no ordinary inverse of L. However,
we can construct a suitable pseudo-inverse, L®. For this, we determine the eigenvalues
and eigenstates of the Liouvillian, L |¢,) = ¢, |¢,). In doing so, we expect to find one
eigenvalue £,,, = 0, which corresponds to the steady state, |(,,,) = |p&). Assuming that
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this is the unique steady state to which all initial states eventually evolve, we expect
Re(¥,) < 0 for all other eigenvalues. With this, we construct the pseudo-inverse as

E= Y el TRAR (2.59)

n#ng
It can be verified easily that this acts as an inverse of L for all vectors with (¢, |r) = 0,

LeL = < > i|n n|)<2wm|m m|>

n#ng "

=ZZ )| L )]

n#ng M "
577,771

= Z |€n><€n| =1- |€no><€no|‘

n#ng

With this, it now remains to show that the expressions from Eqs. (2.56]) and ( -
for which we seek the inverse, are indeed orthogonal to the kernel of L or ﬁs, respec-
tively. For this, we consider the trace of said expressions, starting with the one from
Eq. (2.56). Since tr§{ps"*(x)} = 1 is a fundamental requirement, any derivative of

W, SS

pg’ must be traceless to preserve this property. In particular, this requires

trg {8&% } = 0.

Furthermore, for the expression from Eq. (2.57)), we find
- OHY - sOHY wss g
r

}+2t v {vaSS} Fs=0.

=F =1

That is, both expressions upon which we apply the pseudo-inverse are traceless. But
since tr§{pd"*} = 1, the two expressions can consequently have no component pro-
portional to pg"®. In terms of the Liouville space, the two expressions are, in fact,
orthogonal to |pg"™) and hence to the kernel of L. Thus, the inverses sought are
well-defined via the pseudo-inverse, L&, defined in Eq. .
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2.4.4 Calculation of semi-classical steady state

As mentioned in Sec. 2.2.2] we do not study the transient dynamics of the molecu-
lar junction. Therefore, the time evolution of the phase space density, A(x,p,t) =
try{p¥(x, p,t)}, is not needed. Instead, we are only interested in expectation values of
the associated steady state, A%(x,p), which is defined by

% )0

The existence and uniqueness of a steady state of the type of Fokker-Planck equation
in Eq. is known only under certain conditions. For example, when the friction,
Yap, and the diffusion, D,gs, are constant, and the mean force, F,, is linear, a unique
steady state exists and can even be derived analytically |50, 51]. In this special case,
Eq. is also called Klein-Kramers equation. For general position-dependent mean
force, friction, and diffusion, as given in Egs. (2.55) to , however, it is not known,
as far as we are aware, whether a steady state exists and if it is unique. As we will see
later, though, we are dealing with mean forces in the following, which are approximately
linear for most coordinates. Therefore, we assume the existence of a unique steady state
for the following consideration.

Directly solving the Fokker-Planck equation for the assumed unique steady
state by setting %ASS = 0 is very costly because the current-induced forces are position-
dependent. Instead, the development of a different procedure is more promising. For
this, we first require a way of propagating the Langevin equations of motion . In
the following studies, we will only consider nanosystems with a single semi-classical vi-
brational mode. In this case, the equations of motion can be conveniently reformulated
in dimensionless variables, defined as

mw P
X =z —, P = . 2.60
h hmw (2.60)

In these dimensionless coordinates, the equations of motion take the form
© X (wt) = P(w)
——X(wt) = P(w
d(wt) ’
d F(X X t
Pt - _FEO) ) mlet)
d(wt) Vhiw-mw?  mw hmw

where the stochastic force, n(wt), fulfills the relations

(2.61)

(n(wtn(ut)) = thD(X)(S(t )

D(X)

=2
hmw?

d(wt — wt').

To integrate this set of stochastic differential equations, we implement the multiple time
stepping BAOAB algorithm (m-BAOAB) described in [52]. For the systems considered
in this work, a base time step of A(wt) = 1072 and a step multiplicity of K = 10 have
proven to deliver a converged time propagation throughout. As this means that we
have to perform on the order of 10% integration steps to cover a time interval of only
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~ 1/w, it is not feasible to individually calculate the current-induced forces, F(X),
7v(X), and D(X), for each value X (wt) that is taken during the propagation. Instead,
we pre-calculate F', v, and D for a fixed grid of X values with an equidistant spacing,
AX, and use linear interpolation between the two closest grid points to approximate
their true values at any X (wt). This significantly reduces the numerical effort while still
delivering adequate precision, as long as the chosen grid spacing, AX, appropriately
captures the features of F', v, and D.

Assuming the steady state of the Fokker-Planck equation for given current-
induced forces is unique, any trajectory, (X (wt), P(wt)), that is propagated according
to the Langevin equation ([2.61)), will eventually reach that unique steady state after
some time wt*, in the sense that its momentary coordinate values, (X (wt), P(wt)), for
wt > wt™, will be a statistical sample of the steady-state phase space density, A*(X, P).
While this does not give us a way to determine the functional form of A%*(X, P),
we can nevertheless approximate expectation values of A*(X, P) from a sufficiently
large number of such statistical samples by calculating the respective sample average
according to

1 Nsample

> feery (2.62)

Nsample i=1

(f) =
(2.63)

where f is some observable determined by X and P. The statistical uncertainty arising
from this process is given by the sample standard deviation,

1 Nsample 2
= > (fxm —(H)"
sample i=1

To reduce this statistical uncertainty, a large sample size is required, typically in the
order of several thousand. On the one hand, this can be accomplished by propagating
multiple trajectories in parallel. On the other hand, one can also take multiple samples
from a single trajectory at multiple time points wty,wts, ... > wt**. These individual
time points must be sufficiently far apart from each other to ensure statistical indepen-
dence of the samples. Ultimately, a balanced approach using both of these procedures
is implemented.

For the following studies, it has been found to be numerically favorable to propagate
500 individual trajectories in parallel to the steady state. Then, from each trajectory,
100 statistically independent samples are drawn, each 100 wt apart from one another to
ensure independence. This gives a total of 50000 coordinate samples, (X, P);, which
allow the computation of sample averages with reasonably small uncertainty.

This procedure can also be generalized for two or more semi-classical vibrations.
The introduced representation in dimensionless coordinates is only possible for identical
natural frequencies, though. However, in the following, we will only ever consider a
single semi-classical vibrational mode.
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2.4.5 QObservables of interest

In our following semi-classical studies, we differentiate two types of observables. First,
there are the momentary observables. These are position-dependent observables for a
single realization of the semi-classical system under consideration. For a given Langevin
trajectory, (X (wt), P(wt)), they are determined by the momentary position, X (wt), at
a given time wt. The momentary observables include, first of all, the current-induced
forces, namely the mean force, F', the friction, ~, and the diffusion, D, as given by
Egs. (2.55) to (2.57). To better understand the effects and the physical origin of the
mean force, we also determine the potential of the mean force, in the following, always
referred to as PMF for short. The PMF is defined as

PMF(X) — PMF (x\/m) —_ /m dz F(z), (2.64)

where z is chosen such that miny{PMF(X)} = 0. In addition, we also consider the
instantaneous electric current, (I)(X), defined as

(N(X) == (1) (ps (X)), (2.65)

and in Chapter [} we also require the instantaneous excitation, (Ny)(X), of an addi-
tional high-frequency vibration, which is treated quantum-mechanically alongside the
electronic dynamics because of its high frequency. The latter is defined as

(Nie) (X) = (Nue) (pg"™ (X)) (2.66)

These two instantaneous quantities, (I)(X) and (Ny)(X), are expectation values of
observables of the remaining quantum part of the system, which depend on the semi-
classical coordinate X due to the position-dependence of the transformed Hamiltonian
and density matrix, HY(X) and pd"*(X). By themselves, (I)(X) and (Ny)(X) are
of little interest, but are needed for further calculations, as we shall see in the next
paragraph.

The second type of observables is expectation values of the semi-classical steady
state. These will be calculated using the procedure described in Sec. 2.4.4f The
steady-state expectation values of interest include the mean values of displacement
and momentum of the semi-classical vibration, (X)* and (P)*, and the mean values
of their squares, (X?)** and (P?)**, which can be calculated directly from the coordi-
nate samples, (X, P);, following Eq. . From (X?)* and (P?)**, we can further
determine the average vibrational excitation of the semi-classical mode,

<X2>ss + <P2>ss -1
5 .

Another crucial quantity is the steady-state electric current, (I)*, for the calculation
of which the above instantaneous quantity, (I)(X), is needed,

(N)* = (ala)® = (2.67)

1 Nsample

(1) = > (D(Xy). (2.68)

Nsample i=1

Lastly, in Chapter [4, we also consider the steady-state excitation of a high-frequency
vibrational mode, (Ny¢)®, which is also determined from the aforementioned instanta-
neous quantity,

1 Nsample

(Npg)™ = > (Nug)(X). (2.69)

Nsample i=1
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As mentioned in the previous section, we always use Ngmple = 50000 to determine the
steady-state expectation values. In evaluating Egs. (2.68)) and (2.69)), it is not feasible to
calculate (I)(X) and (Nye)(X) for each of the 50000 coordinate samples individually.
Instead, we pre-calculate (I)(X) and (V) (X) for a fixed grid of X values with an
equidistant spacing, and use linear interpolation between the two closest grid points
to approximate their true values for any coordinate sample. This procedure is entirely
similar to the interpolation of the current-induced forces, mentioned in the previous
section.
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Chapter 3

Holstein model

In this chapter, we will turn to a well-known example system for a molecular junction:
the Holstein model |20} 41, 48]. Our goal is to compare the transport characteristics
of the Holstein model, obtained first from a fully quantum-mechanical treatment using
the BMME from Sec. 2.2.1] and second obtained by treating the vibrational mode semi-
classically via the approach derived in Sec. [2.4] In this way, we want to examine how
accurate the semi-classical approach is, and in which parameter regimes it is favorable
to use.

In the first section of this chapter, we define the Holstein model and discuss its
physical meaning. We then use the BMME to derive its basic quantum-mechanical
properties and explain the underlying physical mechanisms in the second section. In the
third section, we apply the partial Wigner transform to the quantum Holstein model,
and obtain the classical Langevin equation for its vibrational mode. Using this, we
calculate the transport characteristics of the Holstein model in the semi-classical picture
in the fourth section, and compare them to a fully quantum-mechanical calculation.
Lastly, we close this chapter with a summary and conclusion.

3.1 Model

The Holstein model comprises a single electronic level and a vibrational mode with
natural frequency w and mass m. The potential of the vibrational mode is assumed
harmonic and depends on the occupation of the electronic level. In the neutral state
of the electronic level, the vibrational mode evolves according to the potential energy
surface Uy(Z), and in the occupied state, it follows the potential U;(#). The system
Hamiltonian Hg is

~2

Hs = Up(#)dd" + Uy (2)dtd + £,
2m
where  and p are the vibrational displacement and momentum operators. The two
potential energy surfaces are

1 1
Up() = imw2§:2, Up(#) = g0 + A2 + imw%?,

where g¢ is the intrinsic energy of the electronic level, and A denotes the electronic-
vibrational coupling. The explicit notation [J for the vibrational operators is used here
to distinguish them from classical coordinates.
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Figure 3.1: Exemplary depiction of two potential energy surfaces for the vibrational
mode of a Holstein model. The horizontal lines illustrate the quantized energy levels
of the vibrational mode. The parameters are the same as in Fig. [3.6]

Fig. shows one example of such two potential energy surfaces. The horizontal
lines within the potentials illustrate the quantized energy levels of the vibrational
mode. In Fig. [3.1, we used a dimensionless displacement coordinate X. We will use
dimensionless displacement and momentum for convenience throughout the following
work. These are obtained by defining

~ mw ~
X =2 —, P = , 3.1
h hmw (3:1)

analogous to Eq. (2.60)). In these transformed coordinates, the Hamiltonian and po-
tentials take the form,

N N 1 N
Hs = Uy(X)dd" + Uy (X)d'd + §th2, (3.2)

N B . L1
Up(X) = imx{ Uy (X) =0 + V22X + 57@)(2, (3.3)

where we defined A\ := A\/h/2mw. From now on, we will use this A as the electronic-

vibrational coupling.

The electronic level is coupled to both electrodes to enable a current flow through
the junction. Coupling between the electrodes and the vibrational mode is neglected.
Therefore, the corresponding interaction Hamiltonian, Hgsg, takes the same form as in
Eq. (2.43)).

In the next section, we derive the BMME for this model to calculate and discuss
its basic quantum-mechanical properties.
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3.2 Quantum-mechanical description

3.2.1 Lang-Firsov transformation

To write down the master equation for this system, we first need to diagonalize Hs.
This can be accomplished analytically using the Lang-Firsov transformation [48| 53],
which is also known as the small polaron transformation. To begin with, we rewrite Hg
completely in terms of creation and annihilation operators, a' and a. Using Egs.

and (3.1]), we find
Hg = (60 + Ma' + a)) d'd + hwa'a.

For the diagonalization, we define transformed operators as follows,

A
N _ A1) gt
S._hw(a a)dd, (3.4)
d:=eSde S = de‘A(“_“T)/ﬁw, di = eSdie ™ = dTeA(“_“T)/h‘”, (3.5)
a:=c%ae™ =a+ AalTal ati=eSale™ =al + ide (3.6)
hw hw
= d'd=d'd a'la=ala+ (aT + a) A gt + <A)2de.
’ hw hw

As a result, the system Hamiltonian Hg is diagonal in terms of the transformed oper-
ators, d) and aM,
2

A2\ . .
Hs = (20 + Maf + a)) d'd + hwala = <50 - m) d'd + hwi'a,

=€
where we defined the renormalized electronic energy e := g9 — \?/Iw.

In the next step, we also need to transform the interaction Hamiltonian. Using
al —a =a' — a, we find

Hep = — deMa—aN/ho >y VC]TCK + dte—Ma=ah)/hw S S Vi,

=d Ke{L,R} kx —dt Ke{L,R} ki

Starting from here, we need to find the frequency projected operators, defined in
Eq. 1 . in terms of the transformed operators, dt) and af). Since we have already
diagonalized the Hamiltonian, we can read off the possible frequencies directly. Of all
possible frequencies, only the frequencies 5 + v - w contribute because the projection
of d(T)~O£1 any other frequency vanishes. Using the joint Fock basis, [n,v) := [n) ® [v),
with d'd|0,v) = 0, d'd |1,v) = |1,v), and a'a |n,v) = v |n,v), we find
A2 +v-w) = > 0,0%0,0'|d]1,v + ") 1, v+ 0|
v'=max{0,—v}
= 3 0,0)0,0'] der@ I 1y oY1, 0+ 0]
v'=max{0,—v}
= X 10,0 0ldIL) (| T 4 0f) (10 40|
——

v'=max{0,—v}

=1 =FC™,

'u/,'u+v/

= Y, FCH ., [0,v)X1v+0,

v'=max{0,—v}
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where we defined the so-called Franck-Condon matrix, FCJ,, [54]. From the expression
above, it can be seen that the Franck-Condon matrix elements are essentially a measure
of the likelihood that a charge or discharge of the electronic level, mediated by the
operators d and df, is accompanied by a jump of the vibrational excitation from v to
v'. The individual Franck-Condon matrix elements can be calculated by dividing the
exponential of (& — a') into separate exponentials of @ and a', and then inserting the
series expansion of the exponential function. The resulting expression is

FCiv, = <v|ei)‘(&_&T)/m|v’) — 3l <U|e¢ﬁ‘ﬂeiﬁd|v')
[v—2']
= e 2w’ (ZF sgn(v — Ul)ﬁi\u v! -0
‘mnfv} (_1)](%)2] |
= (min{v,o'} = j)! (Jv—v'| +j)! 5!

We can now, in principle, write down the master equation for the transformed
Holstein model. However, as the underlying vibrational basis is technically infinite,
there is no way to solve it analytically for the associated steady state, pg’. Instead,
we truncate the vibrational operators, @' and @, at a certain number of vibrational
basis states, Nyjp,. The truncated master equation yields only finitely many terms,
which we can sum up and solve for an approximate steady state with the procedure
from Sec. [2.2.2] It can be safely assumed that the more vibrational basis states we
take into account, the closer the approximate solution is to the true solution. To
determine whether sufficiently many basis states have been considered, one can either
increase Ny, until the approximate steady state does not change with further increase,
or alternatively check in detail that the highest excited population is close to zero, or
to be precise, (Nyip|p¥ | Nyin) < 1/Nyip.

3.2.2 Properties: Franck-Condon blockade and vibrational in-
stability

Using the procedure from above, we can now determine the steady-state density matrix
of the transformed Holstein model, and thus calculate the steady-state electric current
through the system by Eq. . As an example, we consider two different Holstein
systems, one with weak electronic-vibrational coupling, A < hw, and one with strong
coupling, A\ > fiw. We choose the same parameters as in [33] because we also want to
compare our results with theirs in the next section. The parameters are

(1) g9 = 300meV, hw = 200meV, A = 120meV, I'" = TR = 10meV,
(2) g0 = 1050meV, hw = 200meV, A = 400 meV, I'" = TR = 10meV.

From the given values gy, hw, and A\, we find that the renormalized energies are ¢; =
228 meV and g1 = 250meV, respectively. Since they are very close to each other
and the natural frequencies w are equal, we find that the frequencies, 5 + v - w, of
the corresponding transformed Holstein systems are very similar. This allows us to
examine in isolation the influence of the different electronic-vibrational couplings, A.
For these two systems, we calculate the electric current, (/)®, and the average
vibrational excitation, (N)* = (afa)*, in the steady state. The results are depicted
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Figure 3.2: Current-voltage characteristics and average vibrational excitation of a Hol-
stein model.

in Fig. 3.2l First, we investigate the convergence. For A = 120 meV, shown in panels
(a) and (b), hardly any change is noticeable in the two observables by increasing Ny,
from 25 to 30. We conclude that the result is well converged for small to medium
voltages with Ny, = 25 and for high voltages with Ny, = 30. For larger coupling,
A = 400meV, shown in (c) and (d), we also see barely any change in the current by
increasing Ny, from 25 to 35. However, the vibrational excitation significantly differs
for bias voltage ® > 2.5V. We conclude that the electric current is well converged
already with Ny, = 25, whereas we need an increased Ny, = 35 to also converge (N)™
at higher voltages.

Looking at the shape of the curves, it can be seen that with increasing ®, both
current and vibrational excitation continuously increase for both example systems.
As in the two examples considered in Sec. [2.3] the increase occurs in a prominent
step pattern. For the system with A\ = 120meV, these steps occur at a distance of
Ad = 2hw/e. The first step is at & = 2e;/e. The emergence of these steps can be
understood by considering the energy level scheme depicted in Fig. [3.3] In Fig.[3.3(a),
we find that at zero bias voltage, the chemical potentials of the electrodes are well
below the energy levels of the system; thus, no charge transport is possible. When
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the bias voltage is increased to ® > 2¢; /e, the chemical potential of the left electrode
surpasses the energy level €1 of the system, as depicted in Fig. (b) At this point,
the first channel of electron transport through the system becomes available, leading
to an increase in the current. When the bias voltage is increased further to ® >
2(g1+hw) /e, shown in Fig. [3.3|(c), the chemical potential of the left electrode surpasses
the energy €1 + hw, and a second channel of charge transport becomes available. This
channel corresponds to electrons passing through the junction and exciting one quanta
of vibration, requiring the additional energy Aw. Subsequently, whenever the voltage
is increased above ® > 2(e; + v - hw)/e, the chemical potential of the left electrode
surpasses another energy threshold, €; + v - hw, enabling a further channel of charge
transport accompanied by the excitation of v quanta of vibration. This explains the
emergence of the many equidistant steps in both current and vibrational excitation.
The broadening and finite slope of the steps is due to the broadening of the Fermi
functions of the electrodes at finite temperature, kg7 > 0.

Analogous to the excitation of vibrational quanta induced by electron transport,
there can also be transport-induced de-excitation. These processes do not contribute
to the emergence of the different current steps, however, since they can occur indepen-
dently of the bias voltage in any transport process, provided that a sufficiently high
vibrational excitation is present beforehand.

L S R L S R L S R
""" 51+2hw
----- €1+hw
------ E HR
(a) ®=0. (b) ® > 2¢; /e. (c) > 2(e1 + fw)/e.

Figure 3.3: Energy level scheme for the Holstein model. At zero bias voltage, depicted
in (a), the chemical potentials of the electrodes are well below the energy levels of
the system; therefore, no charge transport is possible. When the bias voltage is large
enough that the chemical potential of the left electrode is above the energy e, as
depicted in (b), electron transport becomes possible. When the bias voltage is even
larger such that the chemical potential of the left electrode surpasses ¢ + hw, a second
transport channel becomes available, as illustrated in (c), where electron transport is
accompanied by the excitation of one vibrational quantum.

For the system with larger coupling, A = 400 meV, the energy thresholds, 1 +v-hw,
are nearly identical as aforementioned, because the values of €, are very close and the
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natural frequencies w are equal. For this reason, we find the current and excitation
steps at the same bias voltages also in (c) and (d) of Fig. 3.2l The magnitude of the
steps is different, however. For the system with A = 120 meV, the step in the current
at ® = 2¢; /e is the largest, and each subsequent step decreases in size. For the system
with A = 400meV, on the other hand, the step at ® = 2(e; + hw)/e is the largest.
Furthermore, the steps are generally smaller, and the current stays below 1pA even
for bias voltages up to ® =5V.

The behavior of (N)* is also different. For 0 < ® < 1V, the excitation shows
hardly any difference for the two considered systems. However, at higher bias voltage,
a difference arises. For & > 1V, the excitation of the A = 120 meV system increases
much faster with increasing voltage, reaching an average value of about 8 at ® =2V.
For A = 400meV, on the other hand, the excitation increases to only about 4.5 at
® =2V, and stays below 8 until higher voltages around 3.5 V.

The different behavior of the current for small and large electron-vibrational cou-
pling A can be explained by the Franck-Condon blockade |20, 33, [54]. Fig. illustrates
the Franck-Condon matrices for the two systems considered. It can be seen that, for
A = 120meV, FCSF, o is by far the largest matrix element. Consequently, the charge
and discharge of the electronic level without additional excitation or de-excitation of
the vibrational mode are very likely to occur, which explains why the current step
corresponding to this channel, which is the one around ® = 0.45V, is the largest. In
contrast, the largest matrix elements for the A = 400 meV system are FCZ{ 5 and FCST 4
whereas the FCJ, is rather small. As a result, the current step around ® = 0.45V is
not the largest one because charge and discharge of the electronic level are more favored
when accompanied by excitation of multiple quanta of vibration. Overall this leads to
a delayed increase in the current as the bias voltage is increased. According to [54], this
delay can be quantified to be on the order of e - A® o A?/hw. In our case, this would
mean that the system with A = 400 meV requires an about 11 times larger bias voltage
to reach the same current as the system with A = 120meV, which fits the results in
Fig. quite well. For very large bias voltage, though, which is not shown in Fig. |3.2]
the currents of both systems saturate to the same limit of el'™/® /2h = 1.217 pA, similar
to the resonant level model in Sec. 2.3.11

a
(2) 0.75 0.20
0.15
10 0.50 ol
0.10 £5
5 0.25 = =
0.05
0 0.00 0.00
0 10

v v

[FC;

Figure 3.4: Franck-Condon matrix elements for a Holstein model with hw = 200 meV;
and A = 120meV in (a); and A = 400 meV in (b).

The vibrational excitation cannot be explained by the Franck-Condon blockade and
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the transport processes depicted in Fig. though. If only current-induced excitation
and de-excitation processes were contributing, one would expect the vibrational excita-
tion to saturate as the voltage increases, as does the current. This is, however, not the
case because of additional interactions with the electrodes. As is depicted in Fig. [3.5]
there can also be vibrationally induced electron-hole pair creation processes , which
do not contribute to the current but provide a relaxation pathway for the vibrational
mode. As the chemical potentials of the electrodes shift further away from the energy
level €1, when the bias voltage is increased, the creation of electron-hole pairs requires
the absorption of increasingly more vibrational quanta, as can be seen by comparing
panels (a) and (b) of Fig. [3.5, This reduces the relaxation effect, thereby leading to
an increase in the average vibrational excitation for higher voltages. For weak cou-
pling, A = 120meV, the absorption of many vibrational quanta is strongly suppressed
by the Franck-Condon matrix, as can be seen in Fig. Therefore, the reduction
of vibrationally induced electron-hole pair creation is much more pronounced for the
weak-coupling system, leading to a much faster increase in the average vibrational exci-
tation in comparison to the strong-coupling case, A = 400 meV. This counter-intuitive
phenomenon is a signature of vibrational instability .

(a) © > 2 /e (b) @ > 2(e1 + hw)/e.

Figure 3.5: Energy level scheme for the Holstein model. Apart from charge transport,
the Holstein model also exhibits vibrationally induced electron-hole pair creation, as
illustrated in (a) and (b). In this process, a single or multiple vibrational quanta are
de-excited, and the released energy serves to create an electron-hole pair in one of the
electrodes. As the bias voltage is increased, electron-hole pair creation requires the

de-excitation of increasingly more vibrational quanta, as can be seen by comparing (a)
and (b).

Both effects discussed only depend on the ratio of the electronic-vibrational cou-
pling to the natural frequency, A/hw, which is easy to see from the functional form
of the Franck-Condon matrix elements. We generally find that the Franck-Condon
blockade is stronger the larger A/hw, leading to a smaller current for strong electronic-
vibrational coupling compared to weak coupling at the same voltage. Similarly, the
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vibrational excitation is generally larger for weaker electronic-vibrational coupling at
a given voltage.

3.2.3 Comparison to exact methods

In this section, we will compare our results with those of [33]. In Fig. 1 of their paper,
the authors of [33] have depicted the current-voltage characteristics for the same two
Holstein systems discussed in our previous section. Comparing our results from Fig. [3.2]
with theirs, we find complete agreement of electric current and vibrational excitation
in the voltage ranges they considered.

Apart from using Born-Markov theory, the authors of [33] also calculated the two
observables using the numerically exact hierarchical equations of motion (HEOM) ap-
proach. They found that for the two systems regarded here, the approximate results
from the Born-Markov master equation agree well with the exact HEOM calculation.
The Born-Markov calculation slightly underestimates the width of the current and ex-
citation steps. As I' < kgT, their broadening is not significant, though. For larger
electrode coupling, I' > kg7, the results of [33] show that the Born-Markov approxi-
mation breaks down, however, as we have already anticipated in Sec. [2.2.1]

Concluding our findings from this section, we can trust the BMME for harmonic
oscillators linearly coupled to the electronic levels when I" < kgT'.
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3.3 Semi-classical description and current-induced
forces

For the semi-classical treatment of the Holstein model, we take the fully quantum
system Hamiltonian, Hg, defined in Eq. (3.2)), and apply the partial Wigner transform
from Sec. to find the transformed system Hamiltonian, H (X, P). Following

Eq. (2.49), we get
1
HY (X, P) = Uy(X)dd' + U, (X)d'd + §mp2,

with the potential energy surfaces, Up(X) and U;(X), as given in Eq. (3.3). The
variables X and P are now the classical coordinates corresponding to the operators X
and P. For the time evolution of the classical coordinates, we get the dimensionless
Langevin equations from Eq. (2.61)). And for the Wigner-transformed density matrix,
pg (X, P,t), we find the quantum-classical BMME in Eq. ([2.50)).

Before we move on to more comprehensive studies of this semi-classical Holstein
system, we first examine the basic physics of the model and compare our results with the
literature. To this end, we calculate the current-induced forces and the instantaneous
current for a system with the following parameters, I'™/® = 5meV, kgT = 26 meV,
hw =3meV, A = 20meV, g9 = 150meV, and & = 0V [27]. For this, we first need to

W, SS

determine the Wigner-transformed steady state, pd"**(X), at a fixed vibrational frame,
P = 0. Following Eq. (2.51)), we get pg"*(X) by solving the BMME of H¥ (X, P = 0),
which is just a resonant level model, though with different energy values depending
on X. From the resulting pg"™(X), we calculate the current-induced forces and the
instantaneous current, as described in Sec. 2.4.5]

The results are shown in Fig. [3.60 We focus first on the potential of mean force
(PMF) in panel (d). We included the potential energy surfaces, Uy(X) and U;(X),
for better understanding. It can be seen that at zero bias voltage, the PMF, which
is essentially the adiabatic approximation of the system, follows the course of the
potential surface with the lower value for any given X. Around the crossing of the
potential surfaces, it switches from one to the other in a shape that reminds of an
avoided crossing. From our discussion of the resonant level in Sec. [2.3.1 we know
the requirements for charge transport through the junction. For electrons to enter the
junction from either of the electrodes, we require pp,r > Uy — Up. And for them to
leave the junction again, we need ur/r < U; — U. To achieve a finite current, one
of the conditions should be fulfilled for py, and the other for pugr. As illustrated in
Fig. B.7(a), at zero bias voltage, electrons can enter the junction from both electrodes
for X < —eo/v2\ & —5.3, because here U, < Uy, whereas they can leave the junction
for X > —5.3, where U; > Uy. But there is no domain where both conditions are
satisfied, the resonances, ur/r = U; — Uy, are in the same position. Of course, both
conditions are not to be understood as sharp limits because of kgT > 0, as the steps of
the Fermi functions of the electrodes are broadened by kgT. But even if the junction
is conductive in a small range around the potential crossing, no net current results,
because electrons have no preferred direction through the junction without bias voltage.
Thus, for all X, we find (I)(X) = 0, as it should be. However, if we apply only a small
voltage, we immediately find a finite current around the potential crossing point at
X ~ —5.3.

Next, we take a look at the other quantities as well. We see from Fig. that,
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Figure 3.6: Instantaneous current, (/)(X), current-induced forces and potential of
mean force, PMF(X), of a Holstein model. Parameters not given in the legend: g =

150 meV.

at zero bias voltage, the fluctuation-dissipation theorem between the diffusion and the
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ML

electronic friction is satisfied, namely D = kgT -~ or in dimensionless units
hmw?  hw mw 3 mw

If we apply a finite bias voltage to the junction, the fluctuation-dissipation theorem is no
longer fulfilled, as the electronic friction, v, splits into two separate peaks, whereas the
diffusion coefficient, D, shows a broad plateau. To understand this behavior, we look
again at the conditions for charge transport. The friction peaks are located precisely
on the resonances, pi1,/;gr = Uy —Up, which lie at X = 3.5 and X = —14.1 for ® = 0.5V,
as illustrated in Fig. (b) At these resonances, the creation of electron-hole pairs in
the left and right electrodes can occur , . While this process does not contribute
to the net current, it does influence the vibrational mode by impeding its movement
in order to maintain the resonance state. This manifests itself in a frictional force of
the electrons on the vibration, while the energy dissipated by the friction serves to
create the electron-hole pairs. Because of the finite broadening of the friction peaks,
due to kgT > 0, the friction splits into two separate peaks not immediately for & > 0,
but only when ® > kgT'/e. The stochastic force, on the other hand, arises primarily
from random collisions between the vibrating system and electrons flowing through
the junction. Therefore, the diffusion constant is positive when the current is positive,
which is satisfied in between the two resonances, —14.1 < X < 3.5 at & = 0.5V.
Hence, both diffusion and current show a similar plateau shape.

(a) ®=0.0V. (b) ® =0.5V.

Figure 3.7: Illustration of the energy difference, U; — U,, between the charged and
neutral state of the Holstein model. At zero bias voltage, depicted in (a), the resonances
of the chemical potentials with the energy difference, g = Uy — Up, coincide at
X ~ —5.3. At a bias voltage of ® = 0.5V, illustrated in (b), the resonances are split.
We find the resonance with pp, at X ~ 3.5, and the resonance with ug at X ~ —14.1.

Finally, we compare our results with those of . In Fig. 1 of their paper, the
authors of depicted the electronic friction for the same system considered here,
calculated with the same Born-Markov approximation and also from the exact hier-
archical equations of motion (HEOM) and non-equilibrium Green’s functions (NEGF)
approaches. First, it can be seen that our Born-Markov result matches theirs. Fur-
ther, we find that the Born-Markov approximation also gives physically realistic values
and for this example shows only minimal deviations from the exact calculations using
HEOM and NEGEF.
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Now that we have examined the basic properties of the current-induced forces for
the Holstein model, we will give, in the following, a comprehensive analysis of this
model in the semi-classical approximation. As aforementioned, we will do so by calcu-
lating expectation values of the semi-classical steady state, as described in Secs. 2.4.4]
and [2.4.5] and comparing them to a fully quantum-mechanical calculation.

3.4 Semi-classical results and comparison to quan-
tum calculation

In Sec. we derived the Langevin equation of motion under the assumption that the
vibrational dynamics is much slower than the electronic dynamics. The time scale in
which the vibrational dynamics proceeds is given by the natural frequency w. On the
other hand, the typical time scale of the electron transport is given by the coupling to
the electrodes. For the vibrational mode, it does not matter if an electronic interaction
takes place with the left or right electrode. Therefore, the relevant time scale for
the electron dynamics is determined by the total electrode coupling, I'* + I'®. The
relationship between the vibrational frequency and the electrode coupling defines three
different parameter regimes:

(1) In the classical regime, with hiw < I'" + 'R, the assumption of slow vibrational
dynamics should be satisfied. Therefore, we expect the semi-classical approach
to work well.

(2) In the intermediate regime, with hiw ~ ' 4+ TR both time scales are on the same
order of magnitude. At first, it is unclear whether the semi-classical approach
will break down or still deliver accurate results.

(3) In the quantum regime, with Aiw > I'" + 'R, the assumed time-scale separation
is not satisfied, and the vibrational coordinate moves at the same time scale as
the electron transport. Therefore, we expect quantum effects to show up, causing
the semi-classical approach to break down.

To find out in which parameter regimes the semi-classical approach is applicable, we
will calculate the semi-classical dynamics for all of them, and compare the results with
a fully quantum-mechanical calculation.

3.4.1 Classical regime

For our studies in the classical regime, where hw < T'* + '}, we use mostly similar
parameters for the Holstein system as in the previous section. In particular, we keep
the natural frequency of the vibrational mode at iw = 3 meV, and also the temperature
at kgT' = 26 meV, which corresponds to T' ~ 300 K. For the coupling to the electrodes,
we choose two different values, I'" = TR € {5meV, 10meV}. In Sec. , we found that
the electron-vibrational coupling has a significant effect on transport; therefore, we
investigate weak, intermediate, and strong coupling, A € {ImeV,2meV,5meV}. To
better identify the impact of changing the vibrational parameters, we keep the energy
of the electronic level fixed. As we have seen in Sec. [3.2] the energy that matters
for the dynamics is the renormalized energy level e; = g9 — A?/hw. Therefore, we fix
g1 = 150meV. The resulting current-induced forces are shown in Fig. [3.§
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Figure 3.8: Current-induced forces for a Holstein model. Parameters not given in the
legend: £; = 150 meV.

It can be seen that the friction and diffusion in Fig. [3.8 are very similar to Fig. [3.6]
from the previous section. The same also holds for the current and mean force, which
is why we do not plot them here again. Therefore, let us directly move on to discussing
the effect of the different A\. For smaller A, the friction and diffusion are stretched
over a larger range of X values by a factor of 2.5 and 5, respectively, corresponding to
the ratio of the A values. This behavior follows immediately from the linear coupling
term, v/2AX. At the same time, this also leads to an overall decrease in the value of
v and D. The larger electrode coupling, I'/® = 10meV, results in a halving of v and
D. This is because, with increased electrode coupling, the electrons spend less time in
the junction, which reduces the magnitude of the current-induced forces. The electric
current, which is not depicted here, exhibits a similar stretching in X direction as the
diffusion, but its value does not change with ), only when changing I'/®. As we have
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seen before, the current is proportional to '™/,

‘ Grid spacing ‘ Equilibration time

| AX [ TMR=5meV | YR = 10meV
A =1meV 0.5 200000 wt 200 000 wt
A =2meV 0.2 30000 wt 100 000 wt
A = 5meV 0.1 5000 wt 5000 wt

Table 3.1: Grid spacings and equilibration times chosen for the calculation of the
semi-classical steady state of a Holstein model with £; = 150meV, Aw = 3meV, and
kT = 26 meV.
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Figure 3.9: Time evolution of the mean kinetic energy of a group of 100 Langevin
trajectories for a Holstein model with & = 150 meV, Aw = 3meV, A = 5meV, 't =
I'® = 10meV, kgT = 26 meV at a bias voltage of ® = 0.6 V. It can be seen that the
mean kinetic energy increases for 0 < wt < 1000, but then stays between 60 hw and
80 hw for later times, indicating that the steady state is reached. The fluctuation of the
depicted mean kinetic energy for 100 trajectories is still significant in the steady state,
however, which is why we calculate the final expectation values using 500 trajectories,
from which 100 statistically independent samples are drawn each, giving a total of
50000 coordinate samples.

In the next step, we calculate the steady-state expectation values (I)®, (X)),
(X2)ss (P)*s and (P?)*. For this, we use the procedure discussed in Secs. [2.4.4
and [2.4.5] The grid spacings and equilibration times chosen for the different parameters
are indicated in Tab. 3.1} To determine the equilibration time required, we propagate
a group of 100 trajectories for an increasing number of time steps and calculate the
respective average kinetic energy, (Ey,)(t). The steady state is assumed to be reached
when the average kinetic energy remains approximately constant in time. Since the
equilibration takes longer for higher bias voltage, we carry out this procedure for each
set of parameters at the highest considered voltage, which is ® = 0.6V here. The
resulting kinetic energy curve is shown for one set of parameters in Fig. 3.9, Accord-

o1



ing to it, we choose an equilibration time of 5000wt for the parameters A = 5meV,
I'YE = 10 meV.
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Figure 3.10: Comparison of semi-classical and quantum expectation values for a Hol-
stein model. Parameters not given in the legend: ¢; = 150 meV.

For comparison, we calculate the expectation values also using the purely quantum-
mechanical approach from Sec. [2.2] The semi-classical and quantum results are shown
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in Fig. , again for the exemplary parameters A = 5meV, I'/® = 10 meV. First, we
note that the semi-classical result for (P)® is consistently compatible with zero. This
is again an indication that we have chosen a sufficient equilibration time.

The electric current shows a broad step at ® = 0.3V, which corresponds to the
crossing of uy, = €1, as we discussed previously in Sec. 3.2 However, the additional
steps at u;, = €1 + v - hw, which we found there, are not visible here because the
width of the individual steps, given by kg7 = 26 meV, is much larger here than their
spacing of iw = 3meV. The semi-classical and quantum results agree very well. Only
at large bias voltage, the quantum calculations predict a slightly smaller current than
the semi-classical approach.

The expectation value (X)% shows a similar step at & = 0.3V. However, the
quantum results here deviate more significantly from the semi-classical one for & >
0.3V, with the difference becoming smaller for a larger number of vibrational basis
states, Ny, though.

The curves for (X?)* and (P?)* are very similar to each other. Up to ® = 0.3V,
we find good agreement between the quantum and semi-classical calculation again. For
® > 0.3V, however, a large discrepancy arises. The semi-classical curves continue their
essentially exponential growth and reach a value of > 100 already below & = 0.6V.
The quantum results, on the other hand, approach their infinite bias limit, which for
a fixed number of basis states, Ny, is (X?)* = (P?)* = N,;;,/2. This means that the
quantum calculations are no longer converged for ® > 0.3V, and apparently, a much
larger Nyi, > 100 would be required to achieve convergence up to ® = 0.6 V. Though,
increasing Ny, from 100 to 150 already leads to a slightly better result. We conclude
that, in the considered case, the semi-classical approach is numerically favorable over
the quantum calculation, and it agrees with the fully quantum result wherever we
achieved converged results for the latter.

Next, we look at the other parameter values, A and I'/® . as well. For this, we focus
on the electric current and the average vibrational excitation, (/N)*. The results for
all considered parameter sets are presented collectively in Fig. [3.11]

In general, we find similar behavior for all six parameter combinations considered.
In contrast to Sec. [3.2] the electric currents of the systems considered here show only
a minimal Franck-Condon blockade for the different electronic-vibrational couplings .
This is because the Franck-Condon blockade causes a delay in the current increase on
the order of e - A® o A\?/hw [54], as mentioned in Sec. which is less than 0.01V
for all three X\ considered here. Therefore, the current-voltage curves are very similar
despite the different A\. The different electrode coupling, I'™® = 5meV, only has the
effect of halving the current, which we have already found in Sec. 2.3

The semi-classical curves for (N)* show the same exponential increase we observed
earlier for (X?2)*s and (P?)*. The results for the different I'/R are almost identical.
The different A, on the other hand, show a distinct effect. The smaller A, the faster
the exponential increase. For instance, the system with A = 1 meV already reaches an
average vibrational excitation of 200 at ® = 0.5V, while the system with A\ = 5meV
remains below 150 up to 0.6 V. In other words, the weaker the electronic-vibrational
coupling, the more unstable the molecular junction. This is the same vibrational insta-
bility effect we already discussed in Sec. [3.2] It results from the fact that vibrational
relaxation via electron-hole pair creation in the electrodes is increasingly suppressed
for weaker coupling by the Franck-Condon transition elements.

The quantum results for (N)* agree well with the semi-classical curves up to about
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Figure 3.11: Comparison of semi-classical and quantum expectation values for a Hol-
stein model. Parameters not given in the lgend: £; = 150meV, Ny, = 150.

0.3V to 0.4V. Beyond that, they approach the infinite bias limit, here Ny;,/2 = 75,
similar to our previous finding. Therefore, the quantum results are again not converged
here. Nevertheless, the results for the electric current deviate only slightly from the
semi-classical calculation. Considering different Ny, we again find a convergence be-
havior towards the semi-classical curves for increasing N.y,. The individual results for
this are not depicted here for brevity.

We conclude that in the considered classical regime, the semi-classical approach
agrees with the quantum calculation wherever we achieved converged results for the
latter. Hence, we called this the classical regime. Depending on the parameters, the
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semi-classical calculation may be preferable in terms of computational cost. However,
a review of Tab. shows that this is only the case for A 2 hw. For A < hw with
equilibration times of > 100000 wt , the computational effort is comparable to a fully
quantum calculation, maybe even larger if only the electric current is of interest.

3.4.2 Intermediate regime

Next, we examine the capabilities of the semi-classical description by turning to the
intermediate regime, where the natural oscillation frequency Aw is on the order of the
total electrode coupling, ' +T'®, and the thermal energy, kg7. To have this, we choose
hw = 30meV and keep the already known values I = TR € {5meV,10meV}. We
further keep the same parameters as before, namely €; = 150 meV, kg1’ = 26 meV; and
for the electronic-vibrational coupling, we choose A € {10 meV, 20 meV, 50 meV'} to get
the same ratios A\/hw as previously.

‘ Grid spacing ‘ Equilibration time

| AX [ TMR=5meV | IR =10meV
A =10meV 0.1 10000 wt 30 000 wt
A =20meV 0.1 5000 wt 5000wt
A = 50meV 0.1 2000 wt 2000 wt

Table 3.2: Grid spacings and equilibration times chosen for the calculation of the
semi-classical steady state of a Holstein model with £; = 150 meV, Aw = 30 meV, and
kpT = 26 meV.

First, we calculate the current-induced forces. The results are depicted in Fig.|3.12};
they are very much analogous to the previous section. Using the procedure from
Secs. [2.4.4] and 2.4.5] we obtain the semi-classical expectation values of the electric
current, (I)*, and of the vibrational excitation, (N)®. The required equilibration
times and the chosen grid spacings are indicated in Tab. 3.2l For comparison, we
also calculate the expectation values fully quantum-mechanically. Since Aw is 10-times
larger than in the previous section, a maximum number of Ny, = 100 is sufficient. The
results are presented collectively for all considered parameter combinations in Fig.[3.13]

Starting with the electric current, we find again essentially a single step, which, for
A € {10meV, 20 meV}, is centered around ® = 0.3V as previously, corresponding again
to the crossing of uy, = ;. For the large electronic-vibrational coupling, A = 50 meV,
the step is noticeably shifted towards larger ®. This is again due to the Franck-Condon
blockade discussed in Sec. For A € {10meV,20meV}, the quantum and semi-
classical results agree; only at higher bias voltage, ® > 0.8 V, the quantum calculations
underestimate the current, which is again due to insufficient Ny, as we will discuss
in the next paragraph. For the stronger coupling, A = 50meV, there is a notable
deviation between quantum and semi-classical results already at smaller voltages. The
semi-classical result underestimates the current around its step significantly compared
to the quantum result. However, the curves agree very well again at higher bias voltage,
> 08V.

Looking at the vibrational excitation, (N)*, we also find similar results as in the
previous section. All curves show an exponential rise in the excitation with increasing
bias voltage. As we considered Ny, = 100 for the quantum calculations, their respective
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Figure 3.12: Current-induced forces for a Holstein model. Parameters not given in the
legend: £; = 150 meV.

excitation curves cannot exceed the infinite bias limit of Ny, /2 = 50, which they indeed
converge to for ® > 0.8V and ¢ > 1.1V, respectively, for A € {10meV,20meV}. For
the strong coupling, A = 50meV, on the other hand, the Franck-Condon blockade
slows the increase in vibrational excitation such that it stays below (N)* = 40 until
® = 1.5 V. Consequently, the corresponding quantum result shows an ongoing growth
over the entire range of bias voltages depicted here, and throughout agrees quite well
with the semi-classical result.

We conclude that, whereas the quantum results for A € {10meV,20meV} are not
converged at voltages higher than 0.7V and 0.9V, respectively, the quantum result for
A = 50meV is probably well converged up to 1.5 V. Therefore, poor convergence cannot
be responsible for the deviation in electric current in the range 0.2V < ® < 0.8V at
A = 50meV. Instead, the deviation must be due to a violation of our assumed time-scale

26



(a) (b)

0.7 100
061 | —————== e
80 1 hw = 30 meV
0.5 1 I'YR = 5meV
kpT = 26 meV
T 04+ ;007 — A= 10meV
@ g — A =20meV
= 037 40 1 — A =50meV

0.2 4 — semi-classical

# 20 - --=  quantum

01 N /”

0.0 T . 0

0.0 0.5 1.0 1.5 .
c d

1.25 (c) 100 (d)

1007 801 hw = 30 meV
YR = 10 meV
kgT = 26 meV

507 . 907 — A=10meV
@ ’,'I \Z/ _ A = 20 mev
= 0504 401 — X\ =50meV
/ — semi-classical
0.25 1 20 - - quantum
0.00 T . 0
0.0 0.5 1.0 1.5 .

Figure 3.13: Comparison of semi-classical and quantum expectation values for a Hol-
stein model. Parameters not given in the legend: £; = 150 meV, Ny;, = 100.

separation between vibration and electron transport. This cannot be due to our choice
of hw, though, as the semi-classical approach works fine for the other two A. Instead,
the large A is indeed the problem here. If A becomes significantly larger than Aw, the
latter is no longer a good estimate for the typical time scale of the vibration, because
the large coupling increases the chance of electrons interacting with the vibrational
mode on short time scales. Thereby, the assumed time-scale separation is violated
because of A > 'V 4+ T'R even for hw ~ I'" + 'R, This claim is supported by the fact

that the deviation is smaller for the larger I'/® = 10 meV.
In conclusion, we have established that the semi-classical approach is also applicable
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in the intermediate regime, despite the fact that the requirement hw < I'" 4+ T'? is not
technically fulfilled. However, one should not consider too large electronic-vibrational
coupling, because this may eventually break the time-scale separation regardless of
hw. Looking at Tab. [3.2] we also notice that the semi-classical calculation is now
clearly favorable in terms of computational effort, with equilibration times of mostly
< 10000 wt, compared to the classical regime, where we required equilibration times
> 100000 wt in some instances. This makes it a fairly good alternative to the fully
quantum approach.

3.4.3 Quantum regime

To complete our study of the Holstein model, we also investigate the quantum regime,
where w > T'' 4+ I'®. We choose another 10-times larger natural oscillation fre-
quency, fiw = 300meV, and keep I'* = I'® € {5meV,10meV} again. The fur-
ther parameters are kept as previously, namely ¢; = 150meV, kgT' = 26 meV; and
for the electronic-vibrational coupling, we cover a large range of values by regarding
A € {30meV, 150 meV, 300 meV, 600 meV }.

‘ Grid spacing ‘ Equilibration time
| AX [ TMR=5meV | YR =10meV
A = 30meV 0.1 5000 wt 5000 wt
A = 150 meV 0.02 1000wt 1000wt
A = 300 meV 0.01 1000wt 1000wt
A = 600 meV 0.005 1000wt 1000wt

Table 3.3: Grid spacings and equilibration times chosen for the calculation of the semi-
classical steady state of a Holstein model with £y = 150meV, hw = 300meV, and
kg1 = 26 meV.

We start again by calculating the current-induced forces. The results, which are
shown in Fig. [3.14] are very similar to what we have found in the previous sections.
With the procedure from Secs. [2.4.4] and [2.4.5] we determine the semi-classical expec-
tation values (I)* and (IN)®. As the considered electronic-vibrational couplings A are
fairly large, we have to choose sufficiently small grid spacings for the current-induced
forces to achieve appropriate results. The equilibration times can, on the other hand,
be chosen very small. The exact values are indicated in Tab. [3.3] For comparison, we
calculate the expectation values fully quantum-mechanically as well. As the natural fre-
quency hw is much larger than previously, smaller numbers of vibrational basis states,
Nup, are sufficient. Eventually, 100, 75, 50, and 25 turned out to be appropriate for the
different A € {30meV, 150 meV, 300 meV, 600 meV}, respectively. The electric current
and vibrational excitation are plotted for the considered parameter sets altogether in
Fig. 3.15

Starting with the weakest electronic-vibrational coupling, A = 30 meV, we first find
that the electric current still displays the same step shape as in the previous regimes.
The step is centered around ® = 0.3V, corresponding again to the crossing of ur, = €;.
Surprisingly, the semi-classical curve captures the behavior of the electric current quite
well, even though its underlying assumption fw < I'" 4+ T'® is strongly violated. Solely
at the saturation turning point, around ® = 0.5V, the semi-classical calculation slightly

o8



(a) (b)

700 70
600 A hw = 300 meV
kgT = 26 meV
500 A =00V
— A =30meV
4007 A = 150 meV
300 A — A= 300meV
— A =600meV
2 _
W — TMR = 5meV
100 1 - TMR = 10meV
0
—2.0
c d
350 (c) -0 (d)
300 A 1.0 60 T 02 hw = 300 meV
r \ kg1 = 26 meV
250 1 051 || 50 1 I . =05V
900 5'; 10 | — A =30meV
7 0.0 1 7 0.0 . _
L] [] —20 O § _20 0 )\ - 150 meV
150 . :: :: ~ 30 1 1~ I )\ — 300 Hlev
il a P — A= 600meV
100 1 20 - i :
' — TR = 5meV
507 1 ),’\ \ A 10 7 J /: i [, - FL/R = 10meV
O ‘l b 1 /I - 0 Jliji \I \k 1
-3 -2 —1 0 1 -3 -2 —1 0 1

Figure 3.14: Current-induced forces for a Holstein model. Parameters not given in the
legend: £; = 150 meV.

underestimates the current and saturates to the maximum values of about 0.6 pA and
1.2 pA, respectively, only at slightly higher bias voltage. Evidently, the relationship
between A and I'* +T'! is also important for the time-scale separation. This observation
is a kind of counterpart to A = 50 meV in the intermediate regime. The behavior of
the average vibrational excitation, however, is not at all reproduced correctly by the
semi-classical curve. With the much larger hiw = 300meV, the quantum result now
clearly shows additional steps at up, = €; + n - hw, similar to what we have seen in
Sec. [3.20 The semi-classical calculation cannot capture this quantization by virtue of
treating the vibration as a classical degree of freedom. In principle, the same additional
steps are also found in the quantum calculation of the current. However, the effect of
the Franck-Condon blockade is apparently so small that the major current step already
occurs at py, = €1, and the additional later steps are no longer visible due to their small
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Figure 3.15: Comparison of semi-classical and quantum expectation values for a Hol-
stein model. Parameters not given in the legend: ¢; = 150 meV, Ny, = 100, 75, 50, 25
for A = 30...600 meV.

magnitude.

Turning to A = 150 meV, additional steps also appear in the electric current. Thus,
we now also find a clear deviation between semi-classical and quantum calculations for
the current. As before, near the saturation turning point, the semi-classical calculation
also underestimates the current. On the other hand, the vibrational excitation is con-
sistently overestimated by the semi-classical curve, again similar to the case regarded
beforehand.

Going to the strong electronic-vibrational couplings, A > Aw, the deviation between
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semi-classical and quantum calculations becomes even larger. The current is consis-
tently underestimated by the semi-classical curve, whereas the vibrational excitation
remains overestimated. The quantization features, that is, the steps corresponding to
the resonances up, = €1 + v - lw, are naturally not reproduced by the semi-classical cal-
culation. It is obvious that the semi-classical approach is not viable for the parameters
considered in this regime. Hence, we called this the quantum regime.

Finally, it should be briefly noted that, for A € {30 meV, 150 meV, 300 meV}, the
semi-classical vibrational excitation starts at —% for @ = 0. Mathematically, the reason
for this is the —% term in Eq. . Physically, this is due to the missing zero-point
energy. If we were to consider instead (N + %(SS: (N)™ + %, the semi-classical curves
would start at 0, whereas the quantum curves would start at +% due to the quantum-
mechanical zero point energy.

3.5 Conclusions

In this chapter, we have investigated the accurary of the semi-classical method against
a fully quantum-mechanical calculation. To this end, we compared three distinct pa-
rameter regimes:

(1) In the classical regime, hw < 'Y + 'R we found the semi-classical approach
to be accurate. As the assumption of slow vibrational dynamics is commonly
satisfied in this regime, this outcome is very much expected. For weak electronic-
vibrational coupling, A < hw, however, the equilibration time required to reach
the semi-classical steady state becomes very large, and the computational advan-
tage over the fully quantum calculation shrinks. For A > Aw, the semi-classical
approach is definitely preferable in terms of computational effort, though.

(2) Surprisingly, the semi-classical calculation also delivers very accurate results in
the intermediate regime, fiw ~ I'* + I'?, so long as the electronic-vibrational
coupling is weak to intermediate, A\ < hw. For A > hw, however, the assumed
time-scale separation appears to break down, and the semi-classical result no
longer delivers accurate results for all considered voltages. In this regime, the
semi-classical approach is generally less computationally expensive than a fully
quantum-mechanical calculation. Hence, for A < hw, this regime is the optimal
domain of application of the elaborated semi-classical method.

(3) Eventually, in the quantum regime, hw > T + TR where the assumed time-scale
separation is clearly violated, the semi-classical approach breaks down.

With this summary, we close our study of the Holstein model. In the next chap-
ter, we will investigate a more complicated system containing one fast and one slow
vibrational mode coupled to one electronic level.
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Chapter 4

One-level two-mode model

In this chapter, we study a junction related to the Holstein model from the previous
chapter, but featuring a second vibrational mode with a much higher natural frequency:
the one-level two-mode model (1L2M model) [27]. The additional high-frequency vi-
bration could describe, for example, an optical cavity similar to the model discussed in
[55]. But one could also think of a molecule that contains two bonds of very different
rigidity [27].

Since this system contains two vibrational modes, both of which have an infinite
vibrational basis, a fully quantum-mechanical treatment is very computationally expen-
sive. Therefore, we will generally consider the low-frequency mode in the semi-classical
approximation derived in Sec. 2.4, Our goal is to analyze the transport characteristics
of the 1L2M model and compare it to the Holstein model with only a single vibration,
with a particular focus on how the addition of the second vibrational mode affects the
stability of the low-frequency mode.

4.1 Model

To begin with, we define the fully quantum-mechanical Hamiltonian of the 1L2M
model. The starting point for this is the Hamiltonian of the Holstein model, given
in Eq. . In the potential energy surfaces, we add a second vibrational degree of
freedom, whose displacement we also couple to the occupied state. Thus, we have

A A A A ]_ A ]. A
Hg = Up(Xng, Xi)dd" + Uy (X, Xyg)d'd + §hwhfpgf + imfP@, (4.1)
R 1 . 1 .
Uo(Xns, Xif) = ghwhfxﬁf + 5hwlfxff, (4.2)
U1<th7 le) = g0+ V2 Xue + V20 Xy + UO<th7 le)- (4.3)

We use the values from the previous chapter as a guide for the various parameters, since
we already have experience using the semi-classical approximation with these. First of
all, we keep the same parameters for the electronic dynamics, namely ; = 150 meV
and IT'™® ¢ {5meV, 10 meV}. For the low natural frequency, we choose fiwy; = 30 meV,
and A\ = 10meV as the electronic-vibrational coupling. These values are taken from
the intermediate regime in the last chapter, in which the semi-classical approximation
is accurate. Furthermore, this allows us to make a direct comparison between the
transport characteristics of the 1L2M model and the Holstein model. For the high
natural frequency, we choose a value ten times larger, Awyy = 300meV. We know
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from the previous chapter that we cannot treat such a high frequency semi-classically.
Instead, we will keep it in the quantum part of the system. Since hwyr > hwye and also
huwne > TV + TR we expect that this does not break the time-scale separation between
the quantum part and the low-frequency mode, and thus, the Langevin equation for
the low-frequency mode is still valid.

In the next section, we apply the partial Wigner transform to this model system to
obtain the Langevin equation of motion for the low-frequency vibration. To solve for
the steady state of the remaining quantum part of the system, we will use the Lang-
Firsov transformation from Sec. [3.2 again. With this, we will then study the electron
transport through the 1L2M system and the effect of the high-frequency vibration on
the stability of the junction. Herein, we will differentiate between two regimes:

(1) First, we consider the strong-coupling regime of the high-frequency mode, with
Anf > huwpg.

(2) Second, we examine the weak-coupling regime of the high-frequency mode, with
)\hf < hwhf.

From the Holstein model, we know that weak coupling generally corresponds to a higher
average vibrational excitation of the respective mode. Hence, we expect the strongly
coupled second mode to rather stabilize the 1L2M junction, whereas the weakly coupled
second vibration should enhance the instability.
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4.2 Semi-classical description

For the semi-classical treatment of the 1L2M model, we start from the purely quan-
tum system Hamiltonian, Hg, defined in Eq. . By applying the partial Wigner
transform to the low-frequency vibration, following Sec. we find the transformed
system Hamiltonian, Hg', according to Eq. ,

A A 1 A 1
HE ( Xy, Pi) = Up(Xug, Xip)dd' + Uy (Xg, Xie)d'd + ghwhfp}?f + §ﬁw1fPl%

The variables X and Py are the classical coordinates corresponding to the operators
le and p]f of the low-frequency mode. The time evolution of these classical coordinates
follows the dimensionless Langevin equations from Eq. , and the dynamics of the
Wigner-transformed electronic density matrix, p§ (Xi, Py, t), follow from the quantum-
classical BMME in Eq. .

To find the steady state of pg (X, P, t) for a fixed position X, and Py = 0, we
have to solve the BMME of HY (X, P = 0). This is essentially a single electronic
level coupled to one vibrational mode, the Holstein model. We know that this can
be accomplished using the Lang-Firsov transformation introduced in Sec. [3.2] We
start by replacing the displacement and momentum operators, Xt and Py, by their
corresponding creation and annihilation operators, a;rlf and ayg, according to Eq. .
Using transformed operators, d() and &l(ff), defined as in Egs. to 1} we find the
diagonal form of HY,

A2 o~ e 1
HS (X, P =0) = (EO - hwihff + \/ﬁAlelf> d'd + Byl gans + ihwleﬁb (4.4)
h

=01 (X1t)—Uo(Xt)

where we also found the difference of the transformed potential energy surfaces, Uy (X¢)—
(70(X1f), which we will shall need later to explain some of the resulting physics. With
this diagonalization, we can now solve for the steady state of p¥(Xi, B, t) by trun-
cating the vibrational operators, &l(ff), at some number of basis states, Ny, e, similar
to Sec. 3.2l This then allows us to calculate the current-induced forces for the low-
frequency vibration according to Egs. to , as well as the instantaneous
electric current, (I)(Xj), and the instantaneous excitation of the high-frequency mode,
(Nne) (Xir), following Egs. and ([2.66).

Before we begin with the calculations, there is one further aspect to consider. As
in Chapter [3| we want to compare different parameter sets in the following. For better
comparability, the electronic level should always be set to the same energy value. Since
we now have two vibrations in the completely quantum Hamiltonian, the renormalized
energy also contains two Lang-Firsov corrections, which means e; = gy — A2;/fwps —
AL /hwye. Therefore, we always set gq for the electronic part in Eq. such that the
renormalized energy is €; = 150 meV. This also leaves us with

2

~ ~ A
Up(Xie) — Up(Xig) = €1 + m}ilflf + V2 X

Now, we have all the tools to commence our study of the 1L2M model. In the next
section, we will start by calculating and discussing the resulting current-induced forces.
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4.3 Current-induced forces

In this section, we will examine the current-induced forces in the 1L2M model in
detail. For this purpose, we consider two example systems, one with strong electronic-
vibrational coupling of the high-frequency mode, Ay = 400meV, and one with weak
coupling, A\pr = 150meV. The further parameters are as previously given. For these
examples, we calculate the current-induced forces as well as the instantaneous current
and excitation of the high-frequency vibration, as explained in the section before.

(a) (b)

1.2 2.0
1.0
1.5
08 N —~
= =4
= 0.6 =1.0-
= =
0.4 e
0.5
O 9 4 hwhf = 300 meV
: )\lf = 10 meV
00 00 A hwyir = 30 meV
. T T T . T T ! k‘ T = 26 V
30 -20 -10 0 10 30 -20 —10 0 10 ooy
- )\hf = 150 meV
— At = 400 meV
— I'YR — 5meV
-- /R — 10meV

Figure 4.1: Instantaneous current, (I)(X)), instantaneous vibrational excitation,
(Nne)(Xir), and current-induced forces for a 1L2M model at zero bias voltage. Pa-
rameters not given in the legend: 1 = 150 meV, Nyip ne according to Tab. .

The results for zero bias voltage are depicted in Fig. The instantaneous current,
(IN(Xy), is zero for all X, as it should be. The electronic friction and the diffusion
are qualitatively similar to Sec. [3.3] featuring a single peak centered at the resonance
prr =0 = U (Xy) — Up(Xy). As explained in Sec. at this resonance, electron-
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hole pair creation in the electrodes is possible, leading to a dissipation of energy from
the system to the electrodes that manifests itself in a frictional force. As illustrated
in Fig. [£.4(a), this resonance lies at Xj; ~ —10.8 here. We further find that the
fluctuation-dissipation theorem, D = kgT - v, is satisfied. By comparing the curves
for the two Ay, we also find that both friction and diffusion scale with ;. For
Ant = 150 meV, the magnitude is comparable with the Holstein system of the same pa-
rameters; see Fig. [3.12] With strong coupling, A\,s = 400 meV, however, the magnitude
greatly increases. The reason for this is that the electron-hole pair creation in the elec-
trodes at upr = U, — Uy can now be accompanied by the excitation and de-excitation
of multiple quanta of vibration in the high-frequency mode. This enables new channels
for electron-hole pair creation leading to an increase in friction. However, for weak
coupling, these excitation and de-excitation processes are strongly suppressed because
the Franck-Condon matrix is close to diagonal; see Fig. Hence, the increase in
friction is only minimal for weak coupling, but very significant for strong coupling of
the high-frequency vibration 20, [27].

A new feature of the 1L2M model is the instantaneous excitation of the high-
frequency mode, (Nne)(Xje). At zero bias voltage, we find that for Xj > —10.8, the
instantaneous excitation is zero, whereas for Xj; < —10.8, it approaches (Nys)(Xy¢) —
(Ane/hwye)?. To understand this, we need to take a look at the different contributions
to the vibrational excitation in the Lang-Firsov transformed system. From Egs.

and (3.6)), we find

2
(Nug) = (al cane) = (@) i) — f_ii“; ((aflfdw + (&hfdfd>) + (23)‘;) (d'd).
At ® = 0, the junction essentially resides in its ground state because |U; — Up| > kgT
for most X, and hwyne > kpT. As depicted in Fig. 4.4 -(a) for Xjy > —10.8, we find
U, > U,, which leads to (de) — 0; whereas for X < —10.8, we have Uy > Uy, leading
to (d'd) — 1. Furthermore, we have (@} dns) ~ 0 for all X); because fwne > kgT’; and
consequently also (EL}(PCZT@ ~ (. This leaves only a single non-zero contribution, giving
<Nhf><X]f) — ()\hf/hwhf)2 for X]f < —10.8, and <Nhf>(X]f) — 0 for X]f > —10.8.

Next, we consider a finite bias voltage, ® = 1.5V, as depicted in Fig. 4.2 The
quantities experience a much richer structure now. The current exhibits typical features
of the Franck-Condon blockade. Unlike the Holstein model, however, we do not find a
single flat plateau, but the current exhibits a series of steps in a symmetrical pattern.
The instantaneous excitation of the high-frequency mode also exhibits a step pattern,
which exceeds the values (Ang/fwne)?, now that e® > Ffwype. We also find that the
maximum excitation for any Xj; is higher for the weakly coupled vibration, as shown
in the quantum studies of the Holstein model. The electronic friction also shows a
rich structure. The single peak from before has split into six separate peaks in a
symmetrical and equidistant order. Surprisingly, we find negative friction peaks with
the weakly coupled high-frequency mode. Lastly, also the diffusion coefficient exhibits
a step pattern instead of the flat plateau shape we found for the Holstein model. Unlike
the electric current, the steps are not all positive going from the outside to the inside,
but we also find the diffusion decreasing in certain areas. This is much more enhanced
with the weakly coupled high-frequency mode, where we find a significant dip in the
diffusion around its symmetry axis.

To understand the emergence of the additional steps and peaks, we must consider
the various electron-hole pair creation processes that are possible. As discussed in
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Figure 4.2: Instantaneous current, (I)(Xj), instantaneous vibrational excitation,
(Nne)(Xye), and current-induced forces for a 11L2M model at non-zero bias voltage.
Parameters not given in the legend: £, = 150meV, Ny, n according to Tab. .

Sec. [3.3] at finite bias voltage, there can be vibrationally induced electron-hole pair
creation. For the 1L2M model in semi-classical treatment, this means that electron-
hole pair creation may be accompanied by the relaxation of multiple quanta of the
high-frequency vibration, v - hwye, as depicted in Fig. [£.3] Consequently, for sufficient
bias voltage, electron-hole pair creation may not only occur around the resonance
HL/R = (71 — (70, but also for the additional resonances puy, = (71 — (70 + v - hwps and
pr = Uy —Uy—v-hw, with v € N. From the illustration in Fig. (b), we find that these
resonances lie at Xj; € {42.2,21.0, —0.2, —21.4, —42.7, —63.9}, which match exactly the
positions of the peaks and steps in Fig. 1.2l Explaining the different magnitude and
direction of the steps and peaks is difficult, though. Comparing the behavior of current
and diffusion, it seems that while every newly emerging channel of charge transport
through the junction gives a positive contribution to the current, the contribution to
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(a) @ > 2¢ /e (b) ® > 2(e1 + hwny)/e.

Figure 4.3: Energy level scheme for the 1L2M model in semi-classical treatment. As
illustrated in (a) and (b), the 1L2M model exhibits vibrationally induced electron-hole
pair creation. In this process, a single or multiple vibrational quanta are de-excited
and the released energy serves to create an electron-hole pair in one of the electrodes.

the diffusion is negative for some. Furthermore, the vibrational excitation of the high-
frequency mode with weak coupling increases strongly at the resonances for v € {1, 2},
although the corresponding transitions are strongly suppressed in the Franck-Condon
matrix. Analogously, one would expect for the weak-coupling system that the electronic
friction peaks become significantly smaller towards the center due to Franck-Condon
suppression. Instead, the second outermost peaks are the largest and, surprisingly,
the friction even becomes negative there, turning the usually dissipative electron-hole
pair creation in the electrodes into an energy harvesting process. This can and will, as
we will see in the next section, strongly enhance the instability of the low-frequency
vibrational mode.

Here we conclude our discussion of the current-induced forces of the 1L2M model,
albeit some phenomena have remained unexplained for now. In the next section, we
will look at the semi-classical dynamics that follow from these current-induced forces.
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(a) ®=0.0V. (b) ®=15V.

Figure 4.4: Ilustration of the energy difference, Uy — Uy, between the transformed
charged and neutral state of the 1L2M model in semi-classical treatment. At zero bias
voltage, depicted in (a), the resonances of the chemical potentials with the energy
difference, pp/r = U, — Uy, coincide at X ~ —10.8. At a bias voltage of ® = 1.5V,
illustrated in (b), the resonances are split, and additional resonances emerge due to
vibrationally induced electron-hole pair creation (see Fig. . We find the resonances
with pp, at approximately X € {42.2,21.0,—0.2}, and the resonances with ur at ap-
proximately X € {—21.4,—42.7, —63.9}.
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4.4 Semi-classical results

In this section, we study transport characteristics of the 1L2M model by analyzing
expectation values of its most important observables, the electric current and the exci-
tation of the two vibrational modes. Our focus will be on the stability of the junction,
which is mainly characterized by the average excitation of the vibrations reached for a
certain bias voltage. Herein, we also want to compare the 1L2M model with the cor-
responding Holstein model of the same parameters, to determine whether the addition
of the second vibrational mode leads to an increase or decrease in the overall stability
of the junction.

As mentioned at the beginning of this chapter, we will investigate two different
regimes characterized by the electron-vibrational coupling of the high-frequency mode.
For the strong-coupling regime, we look at A\,¢ € {300 meV, 400 meV, 500 meV, 600 meV },
giving us good coverage of the range A\y¢/fuwns = 1...2. To calculate the current-induced
forces, we need to truncate the vibrational basis of the high-frequency mode. For
Ane = 300meV, the current-induced forces are converged for a bias voltage of up to
® = 2V by using Nyipnr = 20. For Apg > 400meV, Nyjpne = 15 is sufficient to reach
the same convergence. In the weak-coupling regime, a larger number of basis states
is required to obtain a converged result at high bias voltages because we get a much
higher vibrational excitation, as we have already found in Sec. 3.2 Therefore, we
limit our analysis to two values for the coupling, namely Ay € {150 meV, 200 meV}.
For ® < 1.5V, we find converged results with Ny e = 20; for & > 1.5V, we need
Nyibne = 25, which makes the computation more expensive.

‘ Grid spacing ‘ Vibrational basis ‘ Equilibration time

| AX | Nyib, bt | TM/R = 5meV | YR = 10 meV
Apt = 150 meV 0.2 20,25 (&> 1.5V) 4000 wyet 10 000 wyet
Ane = 200 meV 0.2 20,25 (&> 1.5V) 10000 wyet 20000 wyst
Ane = 300 meV 0.2 20 2000 wyet 2000 wyet
Ane = 400 meV 0.2 15 2000 wyet 2000 wyet
At = 500 meV 0.2 15 2000 wyet 2000 wyet
)\hf = 600 meV 0.2 15 2000 wlft 2000 wlft

Table 4.1: Grid spacings and equilibration times chosen for the calculation of the
semi-classical steady state of a 1L2M model with ; = 150meV, hwpe = 300meV,
hwy = 30meV, A\ = 10meV, and kgT = 26 meV.

In the next step, we calculate the expectation values (I)*, (Ny)®, and (Ny)™
following the procedure elaborated in Secs. and [2.4.5, where (Ny)™ follows from
Eq. . The grid spacings and equilibration times chosen for the different Ay and
I'“/R are indicated in Tab. . It should be mentioned that, for the weak-coupling
cases, we are able to determine the semi-classical steady state only for & < 1.15V
with Ay = 150meV, and for ® < 1.8V with Ay = 200 meV, respectively. At higher
bias voltages, the semi-classical trajectories exceed our pre-calculated grid, which spans
Xy = —720...700 (cf. Fig. , before a steady state is reached. This indicates that
at these high voltages, the low-frequency mode is highly unstable, quickly absorbing
huge amounts of energy. We will discuss this in more detail in the following Sec. [4.4.2]

In the following, we analyze the resulting steady-state expectation values and com-
pare them with the corresponding Holstein model of the same parameters.
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4.4.1 Strong-coupling regime

The semi-classical steady-state expectation values of electric current, (/)®, and vibra-
tional excitation, (Nys)® and (Ny)*, for strong coupling, Ans > fiwyg, are depicted in
Fig. [4.5] Alongside, we also included (I)* and (Ny)* for the corresponding Holstein
model without high-frequency mode, taken from Fig. [3.13

It can be seen that the current and the excitation of the high-frequency vibration
show a typical step pattern, which arises from the step features in the corresponding
instantaneous quantities, (I)(Xj) and (NVye)(Xj¢), respectively. The steps are centered
at 0.3V, 0.9V, and 1.5V, respectively, corresponding to the surpassing of u;, = €1 +
v - huwye for v € {0,1,2}, as illustrated in Fig. We also find the typical Franck-
Condon blockade in (1)% and (Ny¢)* for the different values of Ay, where a greater Ape
leads to an increased vibrational excitation, (Ny¢)®, but a smaller current at a given
bias voltage, due to the suppression of on-diagonal transitions v — v in the associated
Franck-Condon matrix. For the current, the curve of the Holstein model can be seen
as a kind of limit of the Franck-Condon blockade for Ay — O.

The excitation of the low-frequency mode follows the exponential curve of the Hol-
stein model for ® < 0.6 V, with no noticeable difference between the different Ay¢. For
greater voltages, though, (Ny)® exhibits a periodic pattern, whose period is 0.6V in
line with the distance of the steps in (I)* and (Ny¢)®. The Holstein model, on the
other hand, continues its exponential increase in vibrational excitation, indicating great
instability of the Holstein junction at higher voltages. Therefore, we conclude that the
introduction of the additional strongly coupled high-frequency mode contributes to
the stabilization of the 1L2M junction at high bias voltage. Up to ® = 2V, only a
maximum excitation of (Ny)®™ a 40 is reached, whereas the Holstein system already
exceeds (Nie)*™ = 100 below 1V (see Fig. [3.13).

The mechanism underlying the stabilization effect can be understood by comparing
the two vibrational excitations, (Npe)®™ and (Ny¢)®. Tt can be seen that (Ny;)* exhibits
local maxima at voltages in the middle between two adjacent steps in (/Vp)**, and local
minima right at the center of a step. From this behavior, we deduce the following. At
the steps in (I)* and (Nye)™, the surpassing of up, = €1 4+ v - fwye leads to the emer-
gence of a new channel for the charge transport through the junction, as illustrated in
Fig. [£.6 The transport of electrons by this channel is accompanied by excitation of
the high-frequency mode, which consumes large amounts of energy as hwy = 300 meV.
This energy is lost for the excitation of the low-frequency mode leading to a signif-
icant decrease of (Ny)®™ with increasing voltage. We call this observation negative
differential excitation, =(Ny)* < 0. The reason why the energy dissipated in the
junction is distributed so unevenly between the two vibrations is the large difference in
the electronic-vibrational couplings, A\ > ¢, which strongly favors excitation of the
high-frequency mode. Only when a new channel reaches saturation, precisely in the
middle of two steps, is more energy available again for excitation of the low-frequency
vibration, leading to its periodic pattern. The effect is further enhanced by larger Ay,
which is why we find the lowest (Ny¢)™ for A,y = 600 meV.

The finding of this stabilization mechanism is the main physical result of this thesis.
However, by which current-induced force this mechanism is mediated is still unknown
to us. Up to now, we have not been able to identify any periodic conspicuity in the
corresponding current-induced forces.

Lastly, we note that the different electrode couplings, I'/%, considered in (a) to (c)
and (d) to (f), respectively, do not show an influence on the stabilization mechanism.
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Figure 4.5: Current-voltage characteristics and average vibrational excitations of a

1L2M model in the strong-coupling regime. Parameters not given in the legend: ¢, =
150 meV. The curve for the Holstein model is taken from Fig. for A = 10 meV.

The vibrational excitations, (Ny)** and (Ny)*, are nearly identical in both cases. The
current is proportional to T™/®, as we have found previously in Secs. [2.3] [3.2 and [3.4]
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(a) @ > 2¢;/e. (b) @ > 2(e1 + hwnt)/e.

Figure 4.6: Energy level scheme for the 1L2M model in semi-classical treatment. When
the bias voltage is large enough that the chemical potential of the left electrode is above
the energy &1, as depicted in (a), the first transport channel becomes available, which
does not involve excitation or de-excitation of vibrational quanta. When the bias
voltage is even larger such that the chemical potential of the left electrode surpasses
£1 + Tuwps, a second transport channel becomes available, as illustrated in (b), where
electron transport is accompanied by the excitation of one vibrational quantum of the
high-frequency mode.

4.4.2 Weak-coupling regime

For the weak-coupling regime, A\ys < hwy, the semi-classical steady-state expectation
values of electric current, (I)**, and vibrational excitation, (Ny¢)®™ and (Ni)*, are
shown in Fig. In addition, we again included (/)* and (Vi)™ for the corresponding
Holstein model without the high-frequency mode, taken from Fig. 3.13]

It can be seen that the electric current increases with a steep step centered at
® = 0.3V, analogous to the strong-coupling cases considered in the previous section.
This step corresponds again to the crossing of uy, = 1, and is also visible in (Vy¢)®. For
® < 0.75V, we further find the continuation of the Franck-Condon blockade from the
last section, with the currents for the much smaller Ays now increasingly approaching
the limit curve of the Holstein model, which effectively represents the limit for Ay — 0.
Likewise, we find a higher (Ny¢)® for larger Ans as expected, but only up to a bias
voltage of & = 0.6V. At & = 0.9V, a second step corresponding to the crossing
of UL, = &1 + ﬁwhf is noticeable in <Nhf>ss for )\hf = 200 meV, but in <Nhf>ss for )\hf =
150 meV and in the currents, this second step can not be found. Instead of the expected
increase, the current for Ay = 200 meV stays constant around & = 0.9V, whereas for
Ant = 150meV, both (I)* and (NVy,;)*® decrease with increasing voltage, which is usually
called negative differential resistance, =(I)* < 0.

The excitation of the low-frequency mode follows the curve of the Holstein model
for ® < 0.6V, with no difference between the two values of Ap¢ noticeable. For higher

bias voltage, the curves exhibit greatly different behavior, though. For Ay = 200 meV,
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Figure 4.7: Current-voltage characteristics and average vibrational excitations of a

1L2M model in the weak-coupling regime. Parameters not given in the legend: ¢; =
150 meV. The curve for the Holstein model is taken from Fig. for A = 10 meV.

(Ny¢)*™ deviates downward compared to the Holstein model and exhibits a similar wave
pattern as we found for the strong coupling in the previous section. The local maximum

within the wave shape is approximately in the middle of the steps of (Ny)* at 0.3V
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and 0.9V, respectively, and the local minimum is about at the position of the step
at 0.9V. The curve for Ay = 150meV, in contrast, shows a very steep and sudden
increase, deviating upward compared to the Holstein model. We, therefore, conclude
that the additional high-frequency mode with A,y = 150 meV makes the low-frequency
mode of the 1L2M model even more unstable than that of the Holstein model, resulting
in the 1L2M system exceeding an excitation of (Ny)® = 100 already at & = 0.75V,
which happens only at ® = 0.9V for the Holstein system. The additional mode with
Ane = 200meV, on the other hand, stabilizes the low-frequency vibration of the 1L2M
system. However, a sudden and steep increase of (Nj¢)* is also seen there for ® > 0.9V,
and an excitation of (NV)® = 100 is ultimately reached at ® = 0.95V. So, relevant
stabilization is only found in a small voltage range.

The destabilization at very weak coupling, Ay = 150meV, is to be understood
as opposed to the stabilization effect for strong coupling seen in the previous section.
Whereas (Ny¢)® shows a very steep increase for & > 0.6V with Ay = 150meV, the
excitation of the high-frequency mode remains minor. Due to the weak coupling, the
high-frequency mode absorbs very little of the energy dissipated in the junction. The
dissipated energy is instead put into rapid excitation of the low-frequency vibration,
indicating a destabilization of the junction. This rapid increase in (Vi) occurs right
around the voltage where the present charge transport channel reaches saturation.
That is, where the local maxima of (Ny)® are located in the previous section, and in
fact, also for Ay = 200 meV here. For slightly stronger coupling, Ay = 200 meV, we
first do find a stabilizing effect as in the last section. For bias voltages above & > 0.9V,

however, the effect is not sufficient, and the junction shows instability as well.

To explain the negative differential resistance, %(I )% <0, for ® > 0.8V, we must
consider Fig. again. For very high excitation, (Ni)*® > 100, the low-frequency
mode spends an increasing amount of time at | Xj¢| > 100. At such large displacement,
however, the instantaneous electric current, (I)(Xy), is zero, as can be seen in Fig. [1.2]
This is because for large displacement, |Xj| > 100, the energy difference between
the charged and neutral state, |U; — Up|, is much larger than e®; hence, the system
stays in either the charged or neutral state, depending on whether Xj; < 0 or Xjs > 0,
preventing charge transport through the junction. This leads to the negative differential
resistance, which is visible for Ay = 150 meV at ® > 0.8 V. The excitation of the high-
frequency mode, (Np,;)®, exhibits a similar decrease because (Nye)(Xje) is also smaller
at |Xy¢| > 100 than at |Xy| < 100. It is highly questionable, though, whether the
observed negative differential resistance and decrease in (Nys)® make physical sense.
In reality, the junction would probably not withstand (Ny)® > 100, but disintegrate
beforehand. Furthermore, the harmonic vibrational modes considered here may not be
valid models for any real molecular vibrations at such high excitation.

Finally, we also find from Fig. that the different electrode couplings, T/},
considered in (a) to (c) and (d) to (f), respectively, do not show an influence on the
(de-)stabilization. The vibrational excitations are nearly identical in both cases, and
the current is proportional to I'™® as previously.

Lastly, we consider the convergence problems mentioned in Sec. [£.4] For this,
Fig. depicts the mean kinetic energy, (Ey,)(t), of a group of 100 Langevin trajec-
tories for the system with Aps = 150 meV at the bias voltages ® € {1.15V,1.20V}. As
mentioned in Sec. 3.4} we have utilized the time-evolution of (Ey,)(t) of such a group of
trajectories to determine the equilibration times for all our semi-classical calculations.
Fig.[4.8(a) shows that, for ® = 1.15V, (Eyy)(t) equilibrates within about 2000 wyet, and
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Figure 4.8: Time evolution of the mean kinetic energy of a group of 100 Langevin
trajectories for a 1L2M model with €1 = 150 meV, hwyps = 300meV, Ay = 150 meV,
fung = 30meV, Ay = 10meV, and kg7 = 26 meV. By comparing (a) and (b), it can
be seen that increasing the bias voltage from ® = 1.15V to ® = 1.20V leads to a huge
increase in the mean kinetic energy and a loss of its convergence.

then stays between 1500 hwy < (Eyin)(t) < 2000 Ay, indicating that the steady state is
reached. Analogous behavior is found at any bias voltage, ® < 1.15V. At & =1.20V,
on the other hand, (Fy,)(t) shows a presumably exponential increase throughout the
time period considered, as depicted in Fig. (b) After wyt = 10000, a huge mean
kinetic energy of 60 000 fwys is reached. For greater wyet, the displacement, X, of many
trajectories exceeds our pre-calculated grid of the current-induced forces, which spans
Xy = —720...700. This is a strong indication that at ® > 1.20V, there may not exist
a steady state. Instead, the energy of the low-frequency vibration continues growing
forever, presumably because the overall effect of the negative friction outweighs the
effect of the ordinary positive friction. We find the same convergence problem for both
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YR € {5meV, 10meV}. Furthermore, the system with A = 200 meV, also shows this
convergence problem, but only starting from ® > 1.80V. This is why we have limited
Fig. to a voltage range of ® = 0...1 V. This lack of convergence is another clear
sign of vibrational instability of the considered 1L2M model with a weakly coupled
high-frequency mode.

4.5 Conclusions

In this chapter, we have studied the one-level two-mode junction, consisting of one
electronic level coupled to one high-frequency and one low-frequency vibrational mode,
and compared it to the corresponding Holstein model without the high-frequency mode.

In the strong-coupling regime of the high-frequency mode, Ay¢ > Awye, we found that
the addition of the high-frequency mode has a stabilizing effect on the low-frequency
vibration. Up to ® = 2V, only a maximum excitation of (Nj)® = 40 is reached in our
considerations, whereas the Holstein model exceeds (/Vi)®™ = 100 below 1 V. This sta-
bilization works on the basis that Ay > A, which leads to a very uneven distribution of
the energy dissipated in the junction, strongly favoring excitation of the high-frequency
mode. Thereby, only little dissipated energy is left for the low-frequency mode, leading
to significantly reduced excitation. With increasing voltage, the stabilization becomes
periodically weaker and stronger, leading to negative differential excitation of the low-
frequency mode.

In the weak-coupling regime, Ay < hwye, we found that the additional high-
frequency vibration shows stabilizing or destabilizing effect on the low-frequency mode
depending on the exact electronic-vibrational coupling, An¢. It remains to be inves-
tigated where the boundary between the two opposite effects is situated for different
At or TR However, the observed stabilization is of relevant magnitude only in a
small voltage range. We further observed negative differential resistance for very weak
coupling, A,y = 150 meV, at high bias voltage, where the low-frequency vibration shows
instability. Though, we believe that this feature of the 1L2M model does not relate to
real physical behavior, as it only occurs in the region of severe vibrational instability.
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Chapter 5

Summary and Outlook

In this thesis, we have studied the transport of electrons through molecular junctions
with both weak and strong electronic-vibrational coupling. To this end, we utilized
the Born-Markov master equation as a tool to describe the molecular junction and
the electrodes quantum-mechanically; and also the semi-classical theory of electronic
friction to describe a low-frequency vibrational mode in the junction [3§].

In Chapter[2, we defined our model of a molecular junction between a left and right
electrode. Using the Born-Markov approximation and the additional secular approx-
imation [31], we derived a general master equation for the model in Sec. 2.2l While
this approximate master equation is limited to weak coupling between the junction
and the electrodes, I'"/® < kgTi, /R, it does not pose any restrictions on the dynamics
inside the junction, which allowed us to study both weak and strong coupling between
the electronic levels and vibrational modes of the junction. In Sec. [2.4] we performed
a partial Wigner transform of the reduced density operator of the molecular system
to obtain a semi-classical description [37]. We further exploited the time-scale sepa-
ration that is typically found between the fast electron transport dynamics and the
low-frequency vibrations of the nuclei in the molecule to derive an approximate semi-
classical Langevin equation for the low-frequency vibrational degrees of freedom [30,
39]. The central quantities of the Langevin equation are the current-induced forces:
the mean force, a white-noise stochastic force, and the electronic friction, which gives
the theory its name. The mean force is essentially equivalent to a semi-classical adia-
batic approximation, and the friction and the stochastic force can be understood as the
first-order correction to it. Utilizing the advanced m-BAOAB algorithm to integrate
the Langevin equation [52], we elaborated a procedure to find the steady state of the
junction in the semi-classical picture, allowing us to calculate steady-state transport
characteristics like the average electric current, (I)®, and the average excitation of
vibrational modes, (N)%.

In Chapter [3| we demonstrated the application of the semi-classical approach by
considering the prominent Holstein model [20, 41} |48], which comprises a junction of
one electronic level coupled to a harmonic vibrational mode. To determine for which
parameter regimes of the Holstein model our semi-classical method is well suited, we
considered different regimes, and compared the semi-classical treatment with a fully
quantum BMME calculation. The typical time scale of the vibrational mode is given
by its natural frequency, Aw. The time scale on which the electron transport occurs
is defined by the coupling of the junction to the electrodes, I'¥ + I'R. The relation
between these time scales gives rise to three distinct regimes. In the classical regime,

79



where Aiw < I'" 4+ T'R, the semi-classical approach was found to be accurate, and for
strong electronic-vibrational coupling, A > hw, the semi-classical method is also clearly
preferable in terms of computational effort. Surprisingly, the semi-classical calculation
also delivered very accurate results in the intermediate regime, where hw ~ I' + I'R,
as long as the electronic-vibrational coupling is weak to intermediate, A < hw. For
stronger coupling, the time-scale separation appears to break down and the semi-
classical calculation is no longer accurate at all voltages. The semi-classical method
is generally less computationally expensive in this regime, though. Thus, particularly
for A < hw, this regime is the optimal domain of application for the semi-classical
approach. We also considered the quantum regime, with Aw > I'" + I'®. Here, the
time-scale separation is clearly violated, and the semi-classical method breaks down.

A major goal in this thesis was to investigate the one-level two-mode model (1L2M
model) [27], which is an extension of the Holstein model that adds a second high-
frequency vibrational mode. This was accomplished in Chapter [d In line with our
findings in Chapter 3] we studied a 1L2M junction with a low-frequency mode in
the intermediate regime, hwy ~ 'V + 'R, with weak electronic-vibrational coupling
A < hwy, where it can be accurately treated by the semi-classical method. The
high-frequency vibration is treated quantum-mechanically alongside the electronic dy-
namics. For this 1L2M system, we considered two interesting regimes: the strong-
coupling regime, where Ay > hwye, and the weak-coupling regime, with Ay < hwys.
Our focus herein was to compare the vibrational stability of the low-frequency mode
in semi-classical treatment with the Holstein model without a second mode. In the
strong-coupling regime, we found that the addition of the high-frequency vibration ex-
erts a strongly stabilizing effect on the low-frequency mode. This stabilization works
on the basis that Ay > A, which leads to a very uneven distribution of the energy dis-
sipated in the junction, strongly favoring excitation of the high-frequency mode. With
increasing voltage, the stabilization becomes periodically weaker and stronger as new
channels of electron transport through the junction become accessible. This periodicity
gives rise to negative differential excitation, %(N@ss < 0, of the low-frequency mode.
The finding of this stabilization mechanism is the main physical result of this thesis.
In the weak-coupling regime, we found that the additional high-frequency mode exerts
a stabilizing or destabilizing effect on the low-frequency vibration depending on the
electronic-vibrational coupling, A\ns. The observed stabilization is much weaker than in
the strong-coupling regime, though, and only relevant in a small voltage range.

With this summary, we close our study of vibrational instabilities in molecular junc-
tions caused by current-induced forces. It remains for future work to further investigate
the observed stabilization effect in the 1L2M model for various other parameter regimes
and to seek to identify similar mechanisms in more complicated systems. Furthermore,
the question, through which of the current-induced forces the found stabilization is
mediated, is open to be resolved.
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Appendix A

Bath correlation functions

In this section, we calculate the Fourier-transformed correlation functions defined in
Egs. 2.25[) to 2.28[). We start by evaluating the correlation function G35(7) = GL_ (1),
as defined by Eq. (2.16)),

Gj5(r) =t { Py B (1) B;(t — 7)}
=3 Y Vi Vik trs {phel (Der (=)}

Ty

By virtue of Eq. (2.11)), we find

tI'B {p(]]BCJIer (t)CkK/(t — T)} = tI‘B {p%CLK (t)CkK (t — T)} . 5K,K’ . 5kK,kK/7

thereby reducing the correlation function above to just two sums over K and k, respec-
tively. At this point, we insert the interaction picture time evolution of the annihilation
and creation operators and simplify further, remembering that [Hy, Nx| = 0,

< 7_) :ZZ‘[LkK ]kKZ]‘ trK{ (HK—/LKNK)/]{:BTKCL e lHKT/ﬁC elHKT/h}'
K kg

With e WHxm/e, HKkT/h — eXieec /Moy we are left with

* 1 1 —
ZZV b Vit 5kKT/h7trK {e(HK wd\hr()/kBTKCLKCkK}7
K kg K

which evaluates to

G5(1) = 32 Vidae Vi €7 f ¥ (o) (A1)

K kg

where f¥ is the well-known Fermi function,

1
ele—ur)/ksTk 4 1°

() = (A2)

Analogously, the second correlation function, G7;(7) = G;Z'T(T), evaluates to

=3 Vika Vi M (1= ¥ (o)) (A.3)

K kg
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Inserting Eqs. (A.1]) and (A.3]) into the Fourier transforms from Eqs. (2.25)) to (2.28)),
we get

S(w) = ZZVMK ]kaK(ng) /OOO (Z—Sin«gkk - m)T/h)’

K kg

szkK ]kK( <€kK> - 1) /OOO(;:Z—Sin((‘SkK _hw)T/h)v

K kg

s I
7@] szkK ]kK (ng>/ fe(eka hw) /f‘,7

K kg

< dr .
’723 ZZVkK . ( fK(ng)) / fel(ekk_hw)T/h,

K kg

For ;5 and 7, the above expressions are easy to evaluate because the integrals over
d7 on the right each give a Dirac J-function,

/ dr 15 hw)T/h:27r(5(€—hw)7

e
leading to
U5 (@) =27 30D Vi Vi F 5 (i )0 (Ehye — ),
K ki
"}/l] =27 Z Z ‘/z ki ]*kK ( fK<€]€K>> 5(€kK - h(.«d)
K ki

Using the identity f(x)d(x

—y)
=27 Z (ZV;]W( ]kK5 Eky — )) fK(hw)

f(y)o(xz — y), we can rewrite these expressions to
75 (@)

K
(w)

’}/Z _271'2 Z‘/;kK ]kK6 €k — M)) (1_fK<hCU)>
:;szw ( — [ (hw ))7

where we identified the electrode coupling functions, I'5 (w), from Eq. . For S35

and S;, the calculation is more intricate. First, we must determine the semi- 1nﬁn1te

integral over dr, which is essentially the Fourier sine transform of the Heaviside step
function. It can be written as

/OOO O;@T sin((= — hw)r/B) = p.v. (6 _1hw> |

where p.v. denotes the Cauchy principal value. With this, we get

1
ZZV;’CK jk’K (ng>p'V‘ <€kK . FLOJ> )

K kg

= S Vi Vi (£ () = 1) pov. (1_hw>

K kg
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To evaluate the Cauchy principal value, we rewrite these expressions in terms of an
integral over a d-function,

- ; p.v. /_Oodak%:‘/ikx ng(s(S_g’“K);[—{(;L

_ 217T > b /OO dng(;)gf(;L,

_ ; p.v. /_OO dakZK:VkK Vi 0(e = EkK)fj(—)hwl
g el

For general Fg- (7), the resulting integrals cannot be solved analytically. In this thesis,
however, we always work in the wideband limit, where we have a constant electrode
coupling, I'f(£) = I'}5. In this limit, S5 and S;; are

e e
< _ ]
Sij(w)—z%r p.V./ dge—hw’

K —o0
L5 f(e) =

> — Y

Sij(w)_;pr'V'/_oodg 5—hw :

and can be solved analytically. The detailed procedure can be found in Appendix [B]
We find the following result,

K 1 hw — pg
<OY — O () — ij Sy R
Sij(w) = Sz‘j(w) - Z o Re {7/10 (2 il 27Tk‘BTK> ‘

K

Lastly, we use the wideband limit for %% as well, and introduce a shorthand notation
for the real part of the Digamma function,

K (h) = ;ﬁ Re {% (; Z‘; kB;;:) } (A4)

With this, the Fourier-transformed correlation functions take the final form

iy (@ ZF
75 (w ZF (1—fK hw)) |

Sg(w) = S;(w) = Zf‘fj{ K (hw).
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Appendix B

Lamb shift

In this appendix, we calculate the Fourier-transformed correlation functions Sij and
S7; in the wideband limit,

e e
< = Y
Sij(w)_;%r p.v./ dge—hw’

e e
>00) =S5 4
Sij(w)_;pr'V'/_oodg o

which contribute to the renormalization of the energy levels in the system via the Lamb
shift Hamiltonian.

One can easily show that

* 1
V. d = 0.
pv/_ Ee—hw

(e 9]

So only the integral with the Fermi function is left,

o] K
p.v./_ de ;—(;)u

oo

To calculate this integral, we close the integration contour by adding and subtracting
the integral over a contour that encircles the upper half of the complex plane at R — oo,

(P.v. /_Z de + [yde — [yds) af[—((;i; = (p.v.ygds — [yde) 5f[—((72;'

The closed contour integral can now be evaluated using the residue theorem, where we
have to consider all poles of the integrand in the upper half of the complex plane. The
Fermi function f¥(e) has simple poles at €, = px + (2n + 1)wikgTk, where those for
n > 0 lie in the upper half of the complex plane. The 1/(¢ — hw) term has one simple
pole at ¢ = hw, which lies precisely on the contour. In the principal value integration,
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we thus have to consider % times its residue. In total, we find

e _ ! !
(P.V. % de — /yd&?) - I i Resc—p, e — hw /) elhw—nr)/ksTk 1 1

. w 1
+ QWIT;]ReSg:uK-f-(Qn—H)WikBTK <€(E—MK)//€BTK n 1) (B.1)
1

ik + (2n + Dk Ty — hw

d 1 1
N N ge(a_ﬂK)/kBTK +1 ' e — hw’
Now, let us calculate this expression term by term.
We start by evaluating the third term in Eq. (B.1]), which we still need to integrate.

First, we parametrize the integration contour as (¢ — hw) =: Rel¥ with R — oo and
de/(e — hw) = i- dp, leading to

d ! L im [d !
e T 11 e — hw | Roeo fy 7 e(RET ) RaTi 4 1

In the next step, we take the limg_,,, into the integral and note that

1 1
I%LI)IOIO e(ReP—pur)/kpTr +1 - }%L}w eltcos(p)/kpTk pRisin(p)/kpTK o—pK /kTK +1

Recos(p)/kpTr o0, 0< p < 7T/2
0, 7w/2<¢<m

lim e
R—o0

_J0, 0<p< /2
I, 7/2<¢<m

ofo-3)

With this, the remaining integral is trivially solved, and we get

1 1 [T T i
[ydge(a—ﬂK)/kBTK+1 e — hw - 0 ng@(gO—Q) 2 (B.2)
Next, we take care of the residue terms. In the first term, we find
_ 1 1 . 1
i Rese—p, <g — hw> elhw—pr)/ksTk 4 1 - elhw—pr)/keTk 4 1° (B-3)
For later simplification, we rewrite the Fermi function as a hyperbolic tangent as fol-
lows,
1 2 L+1 1 2—62—1+1
e+1 2 \er+1 2 e + 1
1 1—e? 1 e /% — e*/?
= =5 t+1
2 2 e?/2 + e—%/2
_ 1 - e 7\ 1 ) sinh(z/2)
2 e'z/2 +e=2] 2 cosh(z/2)
1
N (1 — tanh(z/2) )
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Using Eq. (6.3.12) from [56], which reads

;tanh(z/Q) - 71r1m {wo (; + ;) } , (B.4)

we can rewrite the Fermi function further as the imaginary part of the Digamma
function vg(z), which is defined as the logarithmic derivative of the Gamma function,
that is ¢p(z) = L InT(z). Taken together, we find

miRes.—p, (8 - hw) o T £ 1= 3 ilm {wo (2 + 127rkBTK>} . (B.5)

Lastly, we calculate the Fermi function’s residues from Eq. (B.1)). We find that

1
e—pk)/ksTk 4 ]

Simplifying the remaining fraction, we end up with

1 1
271 R = n i ' ]
7r1nZ:0 CSe=ppc+(2n+1)wikp T <€(€MK)/kBTK + 1) pr + (2n + D)mikp Ty — hw
omikp T . 1
_ —— — OQ.
Z Cbi + (2n + D) mikgTk — hw Z%”*’ +12kaTK

Looking at the last representation of this term, it becomes clear that it is a divergent
harmonic series. To find out if we can regularize this divergence, we need to look
back at the BMME in Eq. (2.30)). S5 and S> enter the BMME only through the

Lamb shift Hamiltonian, defined in Eq j Hence, they contribute only to the
coherent part of the system’s dynamics. However, this means that only the differences
of the self-energies are relevant for the dynamics, since a constant quasi-energy offset
in their values only affects the global phase of the system. We can therefore try to

regularize the difference between two such divergences. Using the shorthand notation
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=3 +i Qh:k -, we write
_i I _i": 1
—on+tz meo 1 22
N N
1 1
-1 _
N
1 1
= lim Z —
N—o0 “— n+z1 n-+ 2
N
1 1
= lim Z
N—)oonzl n+z1—1 7’L+22—1

B

where v is the Fuler-Mascheroni constant, and we have used Eq. (6.3.16) from [56] in
the last row. From this calculation, we find that the difference of two such divergent
series is indeed finite and can be represented by the difference of two Digamma functions
Yo(z). In this sense, we can state that the divergent series is regularized by the digamma
function,

re 1 hw
—Z Tm— = 1/)0< 2 2 ;K> (B.6)
e —i—l%kBTK TRBLK

Now, we combine the three terms from Egs. (B.2)), (B.5) and to obtain the
final result,

Eq. Eq. (B9 Eq.

=

< ffe) mi hw—,uK 1 hw — pr i
p'v'/oodgg—hw_ o v\ g i ) (Y e T et >

_ 1 hw KK
= Re {1/)0 ( QWk}BTK ) }

With this principal value integral, we get the following result for S35 and S in the
wideband limit,

'K 1 hw — pg
< . > o %] - R
Sij<w) - Sij<w) - Z It Re {wo (2 t1 27T]€BTK> .

K
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Appendix C

Electric current

In this appendix, we evaluate the time derivative of the fermionic number operator of
the system, dt(Ns>t, which is required to find a system-internal representation of the

current from the left and right electrodes, (Ir); and (Ir);. Since Ng =>;n; = >, dj d;
acts solely on the system Hilbert space, we find its expectation value directly from

ps(t),

d

E<Ns>t = trg {NSpS(t)} )

The following derivation turns out to be easier if we use Eq. (2.17) for ps(t) instead of
the final BMME from Eq. (2.30]), and apply the secular approximation explicitly again,

G0 == % [ Fus{nso (7m0 ¢~ psatt

dt
— G5 (=)d] (t)psa(t)d (t — T)
— GF7(T)d5 (t — 7)ps a(t)d7 (1)
+GF7(=7)psa(t)d5 (t — T)dﬂt)) }

To simplify this expression, we write out the number operator Ng(t) = >, ny(t), which
is now time-dependent because we switched to the interaction picture,

G090 = =3 3 [T us{or@mea o - s

dt h e
— G5 (=m0 (D psa()d (¢ = 7)
— G ()5 (¢ = T)psa() 1)
+ G (=T (s (O (¢ = (D)}

Using the cyclic property of the trace and the fact that [ng (), dzm (t)] = 0 for i # k, we
find that all terms with ¢ # k vanish, and the sum over k disappears,

a :_Z/ —trs G"" (T)na(t)d7 (t)dS (t — 7)ps (t)

= G37 (=m)na()d] () ps.a(t)d5 (t = 7)
= G (T)na()d5 (t — 7)psa(t)d ()

+G77 (—)n <>ps,1(t>d;<t—r>d$<t>}.
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Furthermore, because n;(t)d? (t) = di(t) -0yt and df (t)n;(t) = d;(t) - d,—, we also remove
the sum over o,

L (Ney = —= Z/ T trs{ G ()] (0t = 7)psa(t)
= G(=T)di)ps () (t = 7)
= G(nd}(t = T)psa(t)di(t)
+ GH(=T)psa(Od) (¢ — 7))},
where we used Gj{ (1) = G35(7) and G;jT(T) = G7(7) from Eq. . In the next step,

we insert the frequency expansion from Eq. (2.18) for the creation and annihilation
operators,

d —1ww dT 1uJ'r /
G = =5 E T e [T {65 )l ) o ()

— G5i(=7)dl(w)ps(t)d;(w')
— G5(r)d}(w)psa(t)ds(w)
+ 63 (—7)psa(t)d] (w')di(w)},

and apply the rotating-wave approximation,

§= S8 [ e (G sty

- Gﬁ(_T)d;r(w)pS,I(t)dj(—W)
— G55 (7)d(—w)ps.(t)di(w)
+ GZ<—T>ps,I(t)d}(—w>di<w>}.

By virtue of df(—w) = [d7 (w)], we get

CNs)e = —= S s [an)] dsn)osi() [éz-(w)}*
- [dite ]*pm @) |G
[ )] s () () G5 )

psa(t) [d;(w >} i) G5 ()}

To write this in a more compact form, we exchange the indices ¢ and j in the first two
terms and group similar terms together using the cyclic property of the trace again,

s = 1 3 s )0y 2 0) (G50 + [ )

— [dj(w)]Tdi(w),Os,I(t)(éfj(W) + [é;(w)r)}
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At this point, we translate the equation back into the Schrodinger picture. In doing
so, we obtain an additional coherent term —% trg {NS [Hs, ps(t)] }, which vanishes, as
a short calculation shows. Furthermore, we rewrite the sums of the one-sided Fourier-
transformed correlation functions according to Eqs. and ,

d

SV = 1+ 3 trs{ ) [d)] s ()5 )

- [ d stz )}

This is precisely Eq. (2.39). For the final result for the electric currents, (I); and
(In)e, see Eq. (233) in Sec.
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Appendix D

Bath relaxation time

In this appendix, we determine the typical time scale, Tyelax, i, On Which the electrode
K relaxes to its local equilibrium state after an interaction with the nanosystem. In
other words, we seek to find the time scale on which the correlations functions, G§( )
defined in Eq. ([2.24)), decay to zero. From Egs. (A.1) and (A.3)) in Appendlx. we find

the functional forms of G> for our model in the general case, that is, without applying

the wideband limit. To obtain G?j in the wideband limit We start from their Fourier
transforms in the wideband limit, given as 'y%( ) in Eqgs. and , and apply

the inverse Fourier transform,

h > iwT
ij(T):/ dw%»?(w)e ,

2 J_ o

h - iwT
Gi(=7) = 27?/ dw 7 (w) 7.

o0

Inserting Eq. in the expression for G5, we get

—Zr / dw f5 (hw) €.

To calculate this integral, we close the integration contour by adding and subtracting
the integral over a contour that encircles the upper half of the complex plane at R — oo
if 7 > 0, or which encircles the lower half of the complex plane if 7 < 0, respectively,

(/ dw+/dw—/dw)fK lw—<§1§dw—/dw)f’( e,

It is easy to see that the additional integration contours at R — oo vanish because
e“” — 0 as Im{w} — oo if 7 > 0, and €“" — 0 as Im{w} — —occ if 7 < 0. So we are
left with a closed integration path that encircles the upper half of the complex plane
in mathematically positive direction if 7 > 0, or which encircles the lower half of the
complex plane in mathematically negative direction if 7 < 0,

dw fK(hw) et T >0,
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We evaluate the closed contour integral using the residue theorem similar to Ap-
pendix . The Fermi function f¥(hw) has simple poles at hw, = ux + (2n+1)7rikgTk,
where those for n > 0 lie in the upper half of the complex plane, and those with n < 0
in the lower half. The complex exponential function, €7, has no relevant poles. Thus,
we get

- > Resyeuw, (fK(hw)) el >0,
/ dw f5(hw) e“™ =2mi{ "=,
> — > Resyu, (fK(hw)) e T <0,

As mentioned in Appendix [B] the residues of the Fermi function evaluate to —kpTk
for all n. With this, we find

0
/ dw fK(hw) ein — —27T1]{JBTK Sgn(T) Z 61‘7'|MK/?L6—|7'|7’L7r/cBTK/}i7
o ne2N-+1

where the sum goes over all odd numbers, n € 2N+ 1. Now, for the typical time scale,
on which this resulting expression decays for |7| — oo, only the smallest frequency, for
n = 1, is relevant,

/OO dw f5 (hw) €7 171200 o= IrlmknTic /.

[e.9]

In total, we find for G5 in the wideband limit,
GS(r) TR S e lrlmhaTic /b — § ol e
) 3
K K

where we defined the relaxation time scale,

h
WkBTK ’

(D.1)

Trelax, K —

For G7;, the calculation is similar and leads to the same decay behavior in the wideband

limit,

Gj>l.(_7_> 7|00 Z o |TImkBTK /h Z o1/ etas i
K K
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Appendix E

Steady state of the Anderson
impurity model

In this section, we give the expression for the steady-state solution of the diagonal
elements, p;; := (i|ps(t)|i), for the Anderson impurity model. By requiring p; = 0 in
Eq. (2.44) and solving the resulting linear system of equations, we find

o= [ (1(er + 0) 477 () 7 ()7 (e, + 1)
+ (e U +97(en) 7 ()77 (e + V),

-
M= ) e +U)77 (e +U) +77 () 77 (e) 77 (e +U)

(S +U) + 77 (60) 7577 (6 + V),

i
PL= |7 e + )7 (e +U) 95 (e) v7 () 77 (e +U)

+ (15 + U) 97 (E0) 75 7 e + 1),

i = 5| (75 0) 477 ) 7 e v e+ 1)
+ (15 D) +97(E0) 1) 75 (e + ),
Z=1 <>[ () (1@ U 7 e+ U) + 7 (e + V)
“(er+U) (v~(e, +U)+~ 5¢+U)>+fy<(s¢+U)y>(a¢+U)}
+9%(e) [weT) (Ve + U+ +U) + 7 (e + )
+75e+0) (15 + V) + 77 (6 + D) + 95+ U) 7 (e + V)]
£ ()7 s+ U) (156 + U) + 77 ()

#9707 +U) (75 + U) 27
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For the simplest case, ey = €| =: ¢, this solution collapses to
SS 1 > >
Poo = 7 ()" (e+U),
1
P = (e (e +U) =,

1
P;jﬂ = §7<(5) Y (e +U),
Z' =y~ (e +U)+27°()v e+ U) +77(e)v (e + U).
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